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Abstract—This paper analyzes the performance of a satellite-
terrestrial free-space optical (FSO)/millimeter wave (MMW)
radio frequency (RF) relaying system with amplify-and-forward
(AF) and decode-and-forward (DF) relaying. The Málaga (M)
distribution with pointing error impairments and the multi-
cluster fluctuating two-ray (MFTR) fading model are introduced
to characterize the FSO link for both heterodyne detection (HD)
and indirect modulation/direct detection (IM/DD) and MMW
link, respectively. Therefore, the precise closed-form expression of
end-to-end signal-to-noise ratio (SNR) for the outage probability
(OP), average bit error rate (BER), ergodic capacity (EC) and
effective capacity (EFC) is derived. In addition, we present an
asymptotical result analysis for the OP and average BER at high
SNR in terms of simple functions. Finally, we employ Monte-
Carlo (MC) simulation results to verify all our analytical results.

Index Terms—Amplify-and-forward, decode-and-forward,
satellite-terrestrial relay system, Málaga (M) distribution,
multi-cluster fluctuating two-ray fading.

I. INTRODUCTION

With the high-quality demands of communication services,

terrestrial cellular networks struggle to achieve the require-

ments of communication [1]. Satellite networks will provide

global services, especially for users in remote areas [2], [3].

A geostationary Earth orbit (GEO) satellite, which can offer

the widest range of coverage and does not require frequent

handovers, is a popular type deployed in satellite communica-

tion systems. Compared to terrestrial communication systems,

satellite-terrestrial relay systems have the advantages of high

cost-effectiveness and wide coverage [4]. Due to the features

of satellite-terrestrial systems, they have been recognized as

promising systems in future wireless communication [5]. In

particular, these hybrid networks are especially well-suited

for emergency and disaster relief communications, navigation

systems, and providing connectivity to remote areas where

traditional communication infrastructure is unavailable [6]. Al-

though line-of-sight (LOS) satellites and terrestrial systems are

commonly used in the above conditions, mountains, buildings,
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reefs and shadows can block the LOS [7]. Furthermore, multi-

path effect caused by scattering may produce many non-LOS

signals in the vicinity of receiver. The effect even can cause

the communication link to drop under extreme weather like

floods, hurricanes, and earthquakes [8]. To solve the above

issues, free-space optical (FSO)/radio frequency (RF) relaying

systems are considered as an effective technique. The FSO

systems are suitable for the satellite-terrestrial communication

with several advantages of huge optical bandwidth, narrow

beam divergence, unlicensed spectrum and high security [9].

Nevertheless, optical signal propagation is severely influenced

by the dynamic air environment, which induces atmospheric

turbulence and pointing errors [10]. To assure the high re-

liability of the communication, RF systems are considered

in the vicinity of terrestrial receivers. For RF systems, the

millimeter wave (MMW) RF link follows multi-cluster fluctu-

ating two-ray (MFTR) fading, which is the generalization and

harmonization of both fluctuating two-ray (FTR) and κ − µ
fading models, which are assumed to investigate the multi-

path effect caused by scattering. This generalization means

that the FTR fading model obtains the additional multi-path

clusters, and has two fluctuating specular components in κ−µ
fading [11]. Furthermore, the MFTR fading model has both

the bimodality [12] and asymptotic decay [13] properties from

FTR and κ−µ fading, respectively. The physical formulations

of the two fading models are variable, which means they

cannot have the same behaviors of propagation. The MFTR

fading can reconcile the two dominant approaches and the

statistics formulations are as tractable as other models. To

ensure the stable transmission between satellite and terrestrial,

the mixed FSO/MMW model with Málaga (M) model and

MFTR fading are proposed in our work, which can effec-

tively deal with the afore-mentioned issues [14]. The mixed

satellite-terrestrial FSO/RF relaying systems performance can

be improved significantly with the best features of FSO and

RF communication technologies.

A. Related Works

As shown in Table I, varying fading models have been

employed in various studies to analyze the performance of

relay systems [14]— [31]. Most existing works studied under

the assumption of decode-and-forward (DF) [19], [21], [22],

[24], [25], [27], [29], [31] and amplify-and-forward (AF)

relays which encompass fixed-gain [14], [15], [19], [26],

[27], [28], [30] and channel state information (CSI)-assisted

[14], [17], [23], [26]. In the FSO link, fading caused by
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TABLE I: Literature of FSO/RF Systems

Ref. System Model Relay Model FSO Link RF Link Performance Metrics

[14] hybrid FSO/RF relay system for satellite-terrestrial relay network
fixed-gain AF;
CSI-Assisted AF

Shadowed Rician Nakagami-m average SER

[15] mixed RF/FSO relay system fixed-gain AF Generalized Málaga (M) Rayleigh average SER

[16] mixed RF/FSO relay system variable gain relay Fisher-Snedecor F κ− µ BER,EC

[17] mixed FSO/RF relay system CSI-Assisted AF Exponentiated Weibull α− µ ASC, SOP, PNSC

[18] mixed RF/FSO relay system
fixed gain relay;
variable gain relay

Exponentiated Weibull Nakagami-m OP, SER, EC

[19] mixed RF/THz relay system fixed-gain AF;DF α− µ η − µ1 OP, average BER, ACC

[20] mixed FSO/RF relay system AF Málaga (M) Shadowed κ− µ OP, average SEP

[21] hybrid FSO/RF relay system DF Málaga (M) Beaulieu-Xie OP, average BER, EC

[22] mixed FSO/RF relay system DF DGG Nakagami-m OP, BER, EC

[23] mixed RF/FSO relay system CSI-Assisted AF DGG Nakagami-m OP, BER, EC

[24] hybrid FSO/RF system DF GG Nakagami-m OP, average BER

[25] mixed FSO/RF relay system DF GG Rayleigh OP, EC, asymptotic BER

[26] hybrid FSO/RF system
fixed-gain AF;
CSI-Assisted AF

GG Rayleigh OP, BER

[27] mixed RF/FSO relay system fixed-gain AF;DF GG α-F OP, average BER, EC, EFC

[28] hybrid satellite-terrestrial relay network fixed-gain AF Shadow Rician Nakagami-m EC, average SER

[29] hybrid FSO/RF space–air–ground integrated network DF Generalized Málaga (M) κ-µ OP, average SER, EC, OC

[30] mixed satellite-terrestrial relay network fixed-gain AF GG Shadow Rician COP, SOP

[31] Hybrid RF-FSO Satellite-Aerial-Terrestrial Networks DF GG Nakagami-m SOP

atmospheric turbulence and pointing errors is experienced. The

Gamma-Gamma (GG) distribution [24]— [27], [30], [31] is

considered as the most typical distribution for the irradiance,

and the Málaga (M) distribution [20]— [21] is presented

in [32] to model the variability in irradiance of an infinite

optical wavefront as it propagates through turbulent media

across all levels of irradiance. Some authors also inves-

tigated the performance of shadowed Rician fading [14],

[28], Generalized Málaga (M) [15], [29], Fisher-Snedecor

F [16], Exponentiated Weibull [17], [18], α − µ [19] and

Double generalized gamma [22], [23]. Most works employed

the heterodyne detection (HD) and indirect modulation/direct

detection (IM/DD), which are significant techniques for FSO

link. The IM/DD is simpler than HD, but the sensitivity

of heterodyne detection performs better. On the RF side,

Nakagami-m [14], [18], [22]— [24], [28], [31], and Rayleigh

[15], [25], [26], are commonly assumed, as well as κ − µ
[16], α − µ [17], η − µ [19], shadowed κ − µ [20], [29],

Beaulieu-Xie [21] and α-F [27]. Although [14] analyzed

relaying systems in the case of satellite-terrestrial links, the

study falls short in accurately analyzing the multi-path effect

caused by scattering and the random fluctuations suffered by

the receiver side of the system. Note that most works only

investigated the performance metrics of outage probability

(OP) [18]— [27], [29], bit error rate (BER) [16], [19], [21]—

[23], and ergodic capacity (EC) [16], [18], [21]— [23], [25],

[27]— [29]. The significant metric of effective capacity (EFC)

is seldom considered to verify the system performance. In our

work, we analyze the EFC and deal with the aforemationed

issues by investigating mixed FSO/RF systems with RF link

which undergoes the MFTR distribution. The MFTR fading

model recently proposed in [11] is more flexible at propagation

features than other conventional channel models. Furthermore,

the MFTR fading encompasses several typically fading models

such as Nakagami-m, Rayleigh, Rician and FTR as either

special or limiting cases. Moreover, Málaga (M) distribution

can be reduced to many popular fading models, such as

GG and lognormal distributions [33]. Different from the GG

distribution, Málaga (M) distribution can present a wider

reflection for all turbulence conditions. Therefore, this work

presents a more general and comprehensive study that not only

considers a broader range of performance metrics but also a

more general range of channel fading conditions compared to

previous work.

We emphasize the key contributions of our work as follows:

1) We consider a mixed satellite-terrestrial FSO/MMW

relaying system model for wireless communications with

Málaga (M) and MFTR fading distributions under link

budget and path loss.

2) Using both HD and IM/DD detection techniques, the

closed-form expressions of the cumulative distribution

function (CDF) of SNR and other system metrics namely

OP, average BER, EC and EFC are derived.

3) Based on fixed-gain AF and DF relays, the effects of

system performance are analyzed under different param-

eters (i.e., atmospheric turbulence, detection techniques,

pointing error impairments, fading figures, amount of

clusters and optical power).

4) Closed-form asymptotic expressions of the performance

metrics are provided at high SNR regime. Finally, the

diversity gain is derived to clarify the crucial effects of

the relaying system under various channel parameters

and schemes.

B. Organization

The remainder of this work is presented as follows. First, we

detail the channel and the satellite-terrestrial system in Section

II. The closed-form formulations and asymptotic analysis of

the CDF of SNR are clarified in Section III. We provide the

exact expressions for OP, average BER, EC, EFC and their

asymptotic results at high SNRs in Section IV. Section V

presents Monte-Carlo (MC) simulation and numerical results.

Finally, Section VI is the conclusion of this work. In addition,

the proofs for several statistical properties are provided in three

appendices.

Notation: In our work, we use f(.) (.), F(.) (.) to describe

the probability density function (PDF) and CDF, respectively;

E [.] denotes expectation; ≈ refers to “approximately equal

to”; In addition, Γ (.) is the gamma function [34, Eq. (8.310)];

2F1(·) is the Gauss hypergeometric function [34, Eq. (9.111)];

Gm,n
p,q [·] is the Meijer’s G-function [35, Eq. (1.112)]; H (·)

represents the Fox’s-H function [35, Eq. (1.2), Eq. (1.3)].
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Fig. 1: The satellite-terrestrial FSO/MMW system model.

II. SYSTEM AND CHANNEL MODELS

In this paper, a mixed satellite-terrestrial FSO/MMW model

is considered as shown in Fig. 1. Note that the LOS link

becomes unavailable due to the obstructing buildings causing

a heavy shadow and an unfavorable link environment. The

dynamic movement effect for signal transmission caused by

a GEO satellite is assumed to be negligible in this work

[28]. Therefore, the satellite and user are considered as source

transmitter (S) as well as destination receiver (D), which are

connected by relay R with AF and DF relays. The S and D

both have a single antenna [28]. Similar assumptions have been

often made in previous related work. Presume the FSO link

experiences a Málaga (M) distribution with pointing errors

of both HD and IM/DD, whereas the RF link follows MFTR

fading, which includes the special cases for κ − µ (∆ = 0)

and FTR (µ = 1) models [11].

A. FSO link

The channel from the satellite to the relay can be represented

as

hFSO = PFSOηFSOI (1)

where PFSO and ηFSO denote the average transmitted optical

power and the propagation loss, encompassing the impacts of

path loss, satellite beam pattern, and receiver noise in the FSO

link, respectively. The propagation loss, ηFSO, is characterized

as follows

ηFSO =
C
√
GSGR

4πfFSOdSR

√
κTBFSO

(2)

where C represents the speed of light, GR denotes

the receive gain, and the satellite beam gain GS =

Gmax

(

J1(u)
2u + 36J3(u)

u3

)2

[36], where Gmax denotes the max-

imum beam gain, and u = 2.07123 sinϕ
sinϕ3dB

. Here, ϕ is the

angle between the location of the corresponding receiver and

the beam center with respect to the satellite, and ϕ3dB is the 3-

dB angle. Additionally, fFSO represents the carrier frequency,

dSR is the distance between S and R. The receiver noise can

be expressed as κTBFSO, where κ = 1.38 × 10−23J/K is

the Boltzmann constant, T is the receiver noise temperature,

and BFSO is the carrier bandwidth [37].

The PDF of the receiver irradiance I is provided by [38,

Eq. (10)]

fI(I)=
ζ2A1

2I

β
∑

t=1

btG
3,0
1,3

[

αβ

(gβ +Ω′)

I

IlA0
| ζ2 + 1

ζ2, α, t

]

, (3)

where

A1
∆
= 2α

α
2

g1+α
2 Γ(α)

(

gβ
gβ+Ω′

)
β+α

2

bt = at

[

αβ
gβ+Ω′

]−α+t
2

at
∆
=

(

β − 1
t− 1

)

(gβ+Ω′)
1− t

2

(t−1)!

(

Ω′

g

)t−1(
α
β

)
t
2

Ω′ = Ω+ 2b0ρ+ 2
√
2b0ρΩcos(φA − φB)

, (4)

where ζ means the ratio of the equivalent beam radius at

the receiver. There are three components accepted at the

receiver constituent to the channel coefficient of Málaga (M)

distributions which can described as I = IaIp, where Ia
denotes the impact of atmospheric turbulence-induced fading,

respectively. Ip is the geometric spread and pointing errors.

α is the amount of large-scale cells, β is the number of

large-scale cells of fading parameter [38]. The average power

of the total scatter components is 2b0, while the average

power of the scattering component, which is represented by

g = 2b0 (1− ρ), where the ρ ∈ [0, 1] stands for the amount

of scattering power coupled to the LOS term. Moreover, Ω
represents the average power of the LOS term, the variables

φA and φB indicate the deterministic phases of LOS term and

the scatter terms coupled-to-LOS. The average SNR of both

types of detections is given by

µHD =
ηeEI [I]

N0
=

IlA0ηeζ
2 (g +Ω′)

(1 + ζ2)N0

µIM/DD =
η2eE

2
I [I]

N0
=

I2l A
2
0η

2
eζ

4(g +Ω′)
2

(1 + ζ2)
2
N0

, (5)

where ηe is the effective photoelectric conversion ratio. We

assume Il = 1 in this paper. With instantaneous SNR γHD =
ηeI
N0

and γIM/DD =
η2
eI

2

N0
, we obtain I =

IlA0ζ
2(g+Ω′)γHD

µHD(ζ2+1) and

I =
ζ2(g+Ω′)IlA0

(ζ2+1)

√

γIM/DD

µIM/DD

, respectively. The N0 is additive white

Gaussian noise. Substituting (5) into (3), the PDF of Málaga

(M) distribution for S-R link is drawn as

fS−R
γFSO

(γ)=
ζ2A1

2rγ

β
∑

t=1

btG
3,0
1,3

[

B

(

γ

µr

)
1
r

| ζ2 + 1
ζ2, α, t

]

, (6)

where

B =
ζ2αβ (g + Ω′)

(ζ2 + 1) (gβ +Ω′)
, (7)

µr is the average electrical SNR. The parameter r represents

the detection methods of HD and IM/DD:

r=1, µ1 = γHD = µHD

r=2, µ2 =
ζ2(ζ2+1)

−2
(ζ2+2)(g+Ω′)

α−1(α+1)[2g(g+2Ω′)+Ω′2(1+ 1
β )]

γ̄IM/DD
, (8)

Substituting (6) into FγFSO
(γ)

∆
=

∫ γ

0
fγFSO

(x)dx and using

[35, Eq.(1.59)] with some algebraic transformations, we can
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derive the CDF of instantaneous SNR γFSO of Málaga (M)

distribution for S-R link as

FS−R
γFSO

(γ) = 1− ζ2A1r
2r

β
∑

t=1
bt

×H4,0
2,4

[ (

ζ2 + 1, r
)

(1, 1)
(0, 1) ,

(

ζ2, r
)

, (α, r) , (t, r)

∣

∣

∣

Brγ
µr

] . (9)

B. RF link

The channel from the relay to the user can be illustrated as

hRF = PRFηRFgRF (10)

where PRF and ηRF denote the transmitted RF power and the

average power gain of the RF link, encompassing the impacts

of antenna gain, oxygen attenuation, and the receiver noise of

the RF link. The propagation loss, ηFSO, is modeled as follows

[39]

ηRF = GRF

σ2
RF

=
Gt+Gr−20log10

(

4πdRD
λRF

)

−aoxydRD−araindRD

σ2
RF

(11)

where Gt and Gr denote the transmit antenna gain and

receive antenna gain, respectively. The noise variance σ2
RF =

BRFN1RF
+ NRF [40], with bandwidth BRF , noise power

spectral density N1RF
, and the noise figure of the RF receiver

NRF . The aoxy and arain represent the attenuation coefficients

due to oxygen absorption and rain scattering, respectively. The

fading gain gRF can be modeled using the MFTR distribution.

Assuming that the SNR of R-D link, γRF, undergoes the

MFTR fading, the PDF is provided by [11, Eq. (16)]

fR−D
γRF

(x) =
∞
∑

i=0

wif
G
X

(

µ+ i;
γ̄(µ+ i)

µ(K + 1)
;x

)

, (12)

where

fG
X (λ; ν; y) =

λλ

Γ(λ)νλ
yλ−1 exp

(

−λy

ν

)

, (13)

and

wi =
Γ(m+i)(µK)imm

Γ(m)Γ(i+1)
(1−∆)i

√
π(µK(1−∆)+m)m+i

×
i
∑

q=0

(

i
q

)

Γ(q+ 1
2 )

Γ(q+1)

(

2∆
1−∆

)q

×2F1

(

m+ i, q + 1
2 ; q + 1; −2µK∆

µK(1−∆)+m

)

, (14)

where K is the average power ratio of dominant specular

component to the remaining diffused multi-path. m ∈ R+

is the channel parameter and ∆ ∈ [0, 1] represents the

similarity of received powers from the specular components.

Note that when ∆ = 0, the MFTR model corresponds to the

κ − µ shadowed model. Furthermore, µ denotes the number

of clusters, where the MFTR model reduces to FTR fading

model for µ = 1 [11]. Using [41, Eq. (2.9.4), Eq. (2.9.1)], the

PDF of MFTR fading for R-D link can be expressed as

fR−D
γRF

(γ)=
∞
∑

i=0

wi

Γ(µ+ i)γ
G1,0

0,1

[

µ(K + 1)γ

γ̄

∣

∣

∣

∣

−
µ+ i

]

,

(15)

Applying (15) into the identity FγRF
(γ)

∆
=

∫ γ

0
fγRF

(x)dx, we

obtain the R-D link CDF of γRF

FR−D
γRF

(γ)=1−
∞
∑

i=0

wi

Γ(µ+i)

×
∫∞
γ

γ−1H1,0
0,1

[

µ(K+1)γ
γ̄

∣

∣

∣

∣

−
(µ+ i, 1)

]

dγ
, (16)

Using [35, Eq. (2.54)] and with some mathematical manipu-

lations, the CDF of MFTR distribution (16) becomes

FR−D
γRF

(γ) = 1−
∞
∑

i=0

wi

Γ(µ+i)

×H2,0
1,2

[

(1, 1)
(0, 1) (µ+ i, 1)

∣

∣

∣

µ(K+1)γ
γ̄

] . (17)

III. END-TO-END SNR STATISTICS CHARACTERISTICS

We derive the closed-form formulations with AF and DF

relay of the mixed FSO/MMW model exactly. The asymptotic

CDF at high SNR are also presented in this section.

A. End-to-End SNR

During each transmission period, two signaling intervals

are delineated: In the initial signaling interval, the received

signal at R undergoes multiplication by a gain factor G
[42]. Subsequently, in the second signaling interval, it is

retransmitted to D. Assuming that S transmits a signal with

an average power normalized to unity, the instantaneous end-

to-end SNR at the destination, denoted as γAF , is expressed

as γAF =
(α2

FSO/N0FSO )(α
2
RF /N0RF )

(α2
RF /N0RF )+(1/G2N0FSO )

[43], where αFSO and

αRF represent the fading amplitudes of the wireless channels

in the S−R and R−D links, respectively. N0FSO
and N0RF

denote the power of the AWGN component at the input of the

relay and the destination, and G stands for the relay gain. If

Q = 1
G2N0FSO

, γi = αi2

N0i
for i = FSO,RF . Consequently,

the end-to-end SNR of AF relay can be simplified to [30, Eq.

(1)]

γAF =
γFSOγRF

γRF +Q
, (18)

where Q represents a constant numerical value which has

relation to the fixed gain AF. When the DF relaying is

employed, the S-D link SNR is provided by [44, Eq. (7)]

γDF = min(γFSO, γRF). (19)

B. CDF of SNR for AF Relaying

1) Closed-form Expression: Based on the SNR in (18) of S-

D link, the CDF of AF relaying for a mixed satellite-terrestrial

FSO/mmWave system can be formulated as closed-form (20)

with the help of the bivariate Fox’s-H function.

Proof: Please see Appendix A.

In (20), H0,n1:m2,n2:m3,n3
p1,q1:p2,q2:p3,q3 [·] denotes the extended gen-

eralized bivariate Fox’s H function, which can be calcu-

lated numerically with the help of well-known software like

MATHEMATICA [45]. The function can be implemented in

MATLAB as well. Specially, for the R-D link, the MFTR

fading corresponds to FTR for µ = 1. When ∆ = 0,K → ∞
and µ = 1, the MFTR fading simplifies to the Nakagami-m
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FS−D
γAF (γ) = 1− ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)H
0,1;0,2;0,3
1,0;2,0;3,2

















(

1;−1, 1
r

)

−
(1; 1) , (1− µ− i; 1)

−
(1− ζ2, 1), (1− α, 1), (1− t, 1)

(

0, 1
r

)

,
(

−ζ2, 1
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄
µ(K+1)Q , 1

B

(

µr

γ

)
1
r

















, (20)

fading model. For S-R link, when ρ = 1,Ω′ = 1, the Málaga

(M) fading model can be reduced to the GG distribution.

Furthermore, setting ρ = 1,Ω′ = 1 and µ = 1, we have the

closed-form expression of dual-hop GG/FTR system in [46,

Eq. (10)].

Since the SNR of the satellite-terrestrial relaying systems

is improved in various technologie, it is important to deduce

the asymptotic results with AF relaying of the CDF at high

average SNRs. After performing some algebraic manipulations

to (20) with [45, Eq. (1.1)] and utilizing [41, Eq. (1.5.9), Eq.

(1.8.4)], the following asymptotic formulation can be obtained

F∞
γAF (γ) ≈ ζ2A1

2r

β
∑

t=1

bt

∞
∑

i=0

wi

Γ(µ+ i)

4
∑

j=1

Ψjµr
−θj , (21)

where θ4j=1 =
{

ζ2

r , α
r ,

t
r ,

µ+i
r

}

Ψ1 = Γ
(

α− ζ2
)

Γ
(

t− ζ2
)

(Brγ)
ζ2

r

×
(

Γ
(

µ+i− ζ2

r

)

ζ2

(

µ(K+1)Q
γ̄

)
ζ2

r

+ Γ(µ+i)
ζ2

)

, (22)

Ψ2 = 1
(ζ2−α)Γ (t− α) (Brγ)

α
r

×
(

Γ(µ+i−α
r )

α

(

µ(K+1)Q
γ̄

)
α
r

+ Γ(µ+i)
α

)

, (23)

Ψ3 = 1
(ζ2−t)Γ (α− t) (Brγ)

t
r

×
(

Γ(µ+i− t
r )

t

(

µ(K+1)Q
γ̄

)
t
r

+ Γ(µ+i)
t

)

, (24)

Ψ4 = 1
(ζ2−(µ+i)r)(µ+i)Γ (α− (µ+ i) r)

×Γ (t− (µ+ i) r)
(

µ(K+1)Q
γ̄

)µ+i

(Brγ)
µ+i
r

. (25)

Proof: Please see Appendix B.

2) Truncation error: We provide the truncation error as

shown on the top of the next page by limiting (20) to the

first N1 terms. The truncation error of Fγ (γ) relative to the

first N1 terms is as

ε (N1) = Fγ (∞)− F̂γ (∞) . (27)

To validate the convergence of the series mentioned in (20),

Table II provides the corresponding values of N1 for different

channel parameters. As it can be observed, we can obtain a

satisfactory accuracy with less than 120 terms.

TABLE II: Necessary conditions N1 for the truncation error (ε1 <
10−3) under varying numerical K, m and ∆.

System and channel parameters N1 ε1
K = 15,m = 5,∆ = 0.1 110 2.7× 10−4

K = 10,m = 2,∆ = 0.5 108 2.1× 10−4

K = 10,m = 0.3,∆ = 0.5 111 6.2× 10−4

C. CDF of SNR for DF Relaying

Due to the SNR of the variable-gain relaying system, which

is represented by γ = γRF γFSO

γRF+γFSO+1
∼= min (γRF , γFSO) [26],

we consider DF relaying in our paper.

1) Closed-form Expression: The CDF of γDF =
min(γFSO, γRF) at the receiver can be described with indi-

vidual CDFs of both S-R and R-D link as [27, Eq. (12)] by

using (19)

FS−D
γDF (γ)= FS−R

γFSO
(γ) +FR−D

γRF
(γ)− FS−R

γFSO
(γ)FR−D

γRF
(γ)

= 1− FC
γFSO

(γ)FC
γRF

(γ)
,

(28)

where FC
γ (·) represents the complementary CDF (CCDF) of

the instantaneous SNR [46]. We can rewrite the CDF of γDF

for S-D link as

FS−D
γDF (γ) = 1− ζ2A1r

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

×H4,0
2,4

[

Brγ
µr

∣

∣

∣

∣

(ζ2 + 1, r), (1, 1)
(0, 1), (ζ2, r), (α, r), (t, r)

]

×H2,0
1,2

[

µ(K+1)γ
γ̄

∣

∣

∣

∣

(1, 1)
(0, 1) (µ+ i, 1)

]

, (29)

Proof: By inserting (9) and (17) into (28) and after some

algebraic transformation, we have the CDF as shown in (29).

Thus, the proof is completed.

By applying [41, Eq. (1.5.9), Eq. (1.8.4)] to (29), the

asymptotic CDF of mixed FSO/MMW model at high average

SNRs for DF scheme can be expressed as

F∞
γDF (γ) = F∞

γFSO
(γ) + F∞

γRF
(γ)− F∞

γFSO
(γ)F∞

γRF
(γ) , (30)

where

F∞
γFSO

(γ) = ζ2A1r
2r

β
∑

t=1
bt
(α−ζ2)Γ(t−ζ2)

ζ2 Γ
(

Brγ
µr

)
ζ2

r

+ ζ2A1r
2r

β
∑

t=1
bt

1
α(ζ2−α)Γ (t− α)

(

Brγ
µr

)
α
r

+ ζ2A1r
2r

β
∑

t=1
bt

1
t(ζ2−t)Γ (α− t)

(

Brγ
µr

)
t
r

, (31)

F∞
γRF

(γ) =

∞
∑

i=0

wi

Γ(µ+ i) (µ+ i)

(

µ(K + 1)γ

γ̄

)µ+i

. (32)
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F̂S−D
γAF (γ) = 1− ζ2A1

2r

β
∑

t=1
bt

N1
∑

i=0

wi

Γ(µ+i)H
0,1;0,2;0,3
1,0;2,0;3,2

















(

1;−1, 1
r

)

−
(1; 1) , (1− µ− i; 1)

−
(1− ζ2, 1), (1− α, 1), (1− t, 1)

(

0, 1
r

)

,
(

−ζ2, 1
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄
µ(K+1)Q , 1

B

(

µr

γ

)
1
r

















, (26)

2) Truncation error: By limiting (32) to the first N2 terms,

we can obtain

F̂∞
γRF

(γ) =

N2
∑

i=0

wi

Γ(µ+ i) (µ+ i)

(

µ(K + 1)γ

γ̄

)µ+i

. (33)

Similarly, the terms N2 presented in (33) with various perfor-

mance metrics confirm the convergence of series in Table III.

The satisfactory accuracy can be achieved for all considered

cases with less than 30 terms (e.g., for an error smaller than

10−4).

TABLE III: Necessary conditions N2 for the truncation error (ε1 <
10−4) with variable numerical K, m and ∆.

System and channel parameters N2 ε1
K = 15,m = 5,∆ = 0.1 20 1.7× 10−5

K = 10,m = 2,∆ = 0.5 24 1.8× 10−5

K = 10,m = 0.3,∆ = 0.5 27 3.1× 10−5

IV. PERFORMANCE ANALYSIS

A. Outage Probability

Ensuring that the instantaneous SNR γ is below a predeter-

mined protection ratio γth can obtain the OP. The OP of S-R

link can be derived by substituting γth into (20), we have

Pout(γth)= Pr [γAF < γth]

= Pr

[

γFSOγRF

γRF +Q
< γth

]

= FS−D
γAF (γ)

, (34)

Similarly, the OP of R-D link can be formulated as

Pout(γth)= Pr [γDF < γth]

= Pr [min (γFSO, γRF ) < γth]

= FS−D
γDF (γ)

. (35)

B. Average Bit-Error Rate

Another crucial metric of system performance is the average

BER. For a different binary modulation schemes employed in

different relaying systems, the average BER can be written as

P̄e =
δ

2Γ (p)

n
∑

k=1

qpk

∫ ∞

0

γp−1 exp (−qkγ)Fγ (γ) dγ, (36)

where the modulation schemes are determined by the numeri-

cal values of parameters δ, n, p, qk. The average BER of (36)

for δ = 1, n = 1, p = 0.5, qk = 1 corresponds to coherent

binary phase shift keying (CBPSK). When δ = 1, n = 1, p =
1, qk = 1, the system employs differential binary phase shift

keying (DBPSK) scheme.

1) AF Relaying: Inserting (20) into (36) and after some

numerical transformation, the average BER of S-D link can

be expressed as (37) on the top of next page.

Proof: Please see Appendix C.

When we set ρ = 1,Ω′ = 1 and µ = 1, the average BER

of S-D link in (37) reduces to [46, Eq. (27)], where the S-R

link experiences GG for HD and IM/DD with pointing error

impairments as well as the R-D link follows FTR model.

Utilizing [45, Eq. (1.1)], [41, Eq. (1.5.9), Eq. (1.8.4)] and

after some mathematical manipulations to (37), the asymptotic

result is written as

P̄AF
e ≈ ζ2A1

2r

β
∑

t=1

∞
∑

i=0

btwi

Γ(µ+ i)

δ

2Γ (p)

4
∑

j=1

ΦjΓ (p+ θj) ,

(38)

where

Φ1 = Γ
(

α− ζ2
)

Γ
(

t− ζ2
) (

qkµr

Br

)− ζ2

r

×
(

1
ζ2Γ

(

µ+ i− ζ2

r

)(

γ̄
µ(K+1)Q

)− ζ2

r

+ Γ(µ+i)
ζ2

)

, (39)

Φ2 = 1
(ζ2−α)Γ (t− α)

(

qkµr

Br

)−α
r

×
(

1
αΓ

(

µ+ i− α
r

)

(

γ̄
µ(K+1)Q

)−α
r

+ Γ(µ+i)
α

)

, (40)

Φ3 = 1
(ζ2−t)Γ (α− t)

(

qkµr

Br

)− t
r

×
(

1
tΓ

(

µ+ i− t
r

)

(

γ̄
µ(K+1)Q

)− t
r

+ Γ(µ+i)
t

)

, (41)

Φ4 =
(

qkµr

Br

)−µ+i
r

(

rΓ(α−(µ+i)r)
(ξ2−(µ+i)r)(µ+i)

×Γ (t− (µ+ i) r)
(

γ̄
µ(K+1)Q

)−µ+i
r

) , (42)

In addition, the diversity gain is given by

Gd = min

(

µ+ i

r
,
ζ2

r
,
α

r
,
t

r

)

. (43)

2) DF Relaying: By substituting (29) into (36), and em-

ploying the similar method afore-mentioned, the closed-form
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P̄AF
e = δ

2n − δ
2Γ(p)

ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

n
∑

k=1

H0,1;0,2;0,4
1,0;2,0;4,2

















(

1,−1, 1
r

)

−
(1; 1) , (1− µ− i; 1)

−
(1− ζ2, 1), (1− α, 1), (1− t, 1), (1− p,− 1

r )
(

0, 1
r

)

,
(

−ζ2, 1
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄
µ(K+1)Q , 1

B (qkµr)
1
r

















, (37)

formulation can be expressed as

P̄DF
e = nδ

2 − δ
2Γ(p)

ζ2A1r
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)H
0,1;2,0;4,0
1,0;1,2;2,4

















(1− p; 1, 1)
−

(1, 1)
(0, 1) (µ+ i, 1)
(ζ2 + 1, r), (1, 1)

(0, 1), (ζ2, r), (α, r), (t, r)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

µ(K+1)
γ̄qk

Br

µrqk

















,

(44)

By inserting (30) into the average BER (36), and performing

some algebraic manipulation, the asymptotic expression with

DF scheme is derived as

P̄DF∞
e ≈ δ

2Γ(p)

n
∑

k=1

ζ2A1r
2r

β
∑

t=1
bt

3
∑

j=1

ΞjΓ (p+ φj)

+ δ
2Γ(p)

n
∑

k=1

∞
∑

i=0

wi

Γ(µ+i)(µ+i)

×
(

µ(K+1)
γ̄qk

)µ+i

Γ (p+ (µ+ i))

, (45)

where φ3
j=1 =

{

ζ2

r , α
r ,

t
r

}

Ξ1=

(

Γ(α−ζ2)Γ(t−ζ2)
ζ2

(

Br

µrqk

)
ζ2

r

)

Γ
(

p+ ζ2

r

)

, (46)

Ξ2 =

(

1
α(ζ2−α)Γ (t− α)

(

Br

µrqk

)
α
r

)

Γ
(

p+ α
r

)

, (47)

Ξ3 =

(

1
t(ζ2−t)Γ (α− t)

(

Br

µrqk

)
t
r

)

Γ
(

p+ t
r

)

, (48)

Furthermore, the diversity gain is given by

Gd = min

(

ζ2

r
,
α

r
,
t

r

)

. (49)

C. Ergodic Capacity

The EC which represents the maximum date rate when error

probability tends to be infinitely small, can be provided by

C̄ = E [log2 (1 + nγ)] , (50)

where n represents a constant numerical value related to the

detection methods. The system employs the HD (r = 1) and

IM/DD (r = 2) technique when n = 1 and n = e/2π,

respectively. Besides, we can rewrite the EC with the CCDF

of γ as

C̄ =
n

ln (2)

∫ ∞

0

F c
γ (γ)

1 + nγ
dγ, (51)

1) AF Relaying: The EC of mixed FSO/MMW system

with various detection techniques under AF relaying can be

formulated as (52) at the top of next page.

Proof: Inserting the CCDF of (20) into (51), the simpli-

fied expression with integration form (53) is derived at the top

of next page. By utilizing [34, Eq. (4.293.10)], the EC can be

provided by

C̄AF = 1
ln(2)

ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

×
(

1
2πi

)2 ∫

L1

∫

L2

Γ
(

−τ2 +
τ1
r

)

Γ
(

1− τ1
r

)

Γ
(

τ1
r

)

×Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)

Γ(1+ τ1
r )Γ(ζ2+1+τ1)

(

B
(

1
nµr

)
1
r

)−τ1

×Γ (τ2) Γ (µ+ i+ τ2)
(

µ(K+1)Q
γ̄

)−τ2
dτ1dτ2

. (54)

The proof is completed after some mathematical manipulations

with [45, Eq. (1.1)].

For ρ = 1,Ω′ = 1 and µ = 1, the EC in (52) simplifies to

[46, Eq. (37)]. Furthermore, when we set ∆ = 0, ρ = 1,Ω′ =
1 and µ = 1, the EC in (54) of the mixed FSO/MMW system

converts to the special case where the S-R link experiences

GG distribution as well as the R-D link follows FTR fading.

2) DF Relaying: By using 1
1+nγ = H1,1

1,1

[

nγ

∣

∣

∣

∣

(0, 1)
(0, 1)

]

[35, Eq. (1.43)] and substituting the CCDF of (29) into (51),

the integration form of EC with DF relaying can be derived

as

C̄DF = n
ln(2)

ζ2A1r
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

×
∫∞
0

H1,1
1,1

[

nγ

∣

∣

∣

∣

(0, 1)
(0, 1)

]

×H4,0
2,4

[

Brγ
µr

∣

∣

∣

∣

(ζ2 + 1, r), (1, 1)
(0, 1), (ζ2, r), (α, r), (t, r)

]

×H2,0
1,2

[

µ(K+1)γ
γ̄

∣

∣

∣

∣

(1, 1)
(0, 1) (µ+ i, 1)

]

dγ

, (55)

By utilizing the identity presented in [45, Eq. (2.3)], the

integration form can be expressed as (56) shown on the top

of next page.

D. Effective Capacity

Another important metric for the relaying system is EFC,

which denotes the minimum delay and the efficient constant

date-rate, can be given by

R = − 1
A log2

(

E(1 + γ)
−A

)

= − 1
A log2

(

1−A
∫∞
0

(1 + γ)
−A−1

FC
γ (γ)dγ

) , (57)

30
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C̄AF = 1
ln(2)

ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)H
0,1;0,2;0,4
1,0;2,0;4,1

×

















(

1;−1, 1
r

)

−
(1; 1) , (1− µ− i; 1)

−
(1− ζ2, 1)(1− α, 1)(1− t, 1)

(

0− 1
r

) (

1, 1
r

)

(

0, 1
r

) (

−ζ2, 1
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄
µ(K+1)Q , 1

B (nµr)
1
r

















, (52)

C̄AF = n
ln(2)

ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

(

1
2πi

)2 ∫

L1

∫

L2

Γ
(

−τ2 +
τ1
r

) Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)

Γ(1+ s1
r )Γ(ζ2+1+τ1)

(

B
(

1
µr

)
1
r

)−τ1

×Γ (τ2) Γ (µ+ i+ τ2)
(

µ(K+1)Q
γ̄

)−τ2
dτ1dτ2

∫∞
0

γ−
s1
r

1+nγ dγ

, (53)

C̄DF = n
ln(2)

ζ2A1r
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)
γ̄

µ(K+1)H
0,2;1,1;4,0
2,1;1,1;2,4

















(0; 1, 1) (−µ− i; 1, 1)
(−1; 1, 1)
(0, 1)
(0, 1)

(ζ2 + 1, r), (1, 1)
(0, 1), (ζ2, r), (α, r), (t, r)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄c
µ(K+1) ,

γ̄Br

µ(K+1)µr

















. (56)

where A = θTBR

ln 2 . T represents the length of block., θ
represents the rate at which the buffer occupancy diminishes

asymptotically and BR is system bandwidth [46].

1) AF Relaying: The EFC of S-D link SNR with AF

scheme is given by (58) shown on the top of the next page.

Proof: By applying (20) into (57) and utilizing [34, Eq.

(3.194.3)], the EFC can be derived as

RAF =− 1
A log2

(

1− ζ2A1A
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)Γ(1+A)

×
(

1
2πi

)2 ∫

L1

∫

L2

Γ
(

−τ2 +
τ1
r

)

Γ
(

1− τ1
r

)

Γ
(

A+ τ1
r

)

×Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)

Γ(1+ τ1
r )Γ(ξ2+1+τ1)

(

B
(

1
µr

)
1
r

)−τ1

×Γ (τ2) Γ (µ+ i+ τ2)
(

µ(K+1)Q
γ̄

)−τ2
dτ1dτ2

)

. (59)

Using [45, Eq. (1.1)], the proof is completed.

Note that when ρ = 1,Ω′ = 1 and µ = 1, the EFC in (58)

can reduce to [46, Eq. (40)].

2) DF Relaying: Inserting (29) into (57) with [45, Eq.

(2.3)], and utilizing (1 + γ)
−A−1

= H1,1
1,1

[

γ

∣

∣

∣

∣

(−A, 1)
(0, 1)

]

[35,

Eq. (1.43)], we can use the Fox’s-H function to rewrite the

EFC of the FSO/MMW system with DF relaying as (60) at

the top of next page.

Specially, setting ρ = 1,Ω′ = 1 and µ = 1, (60) can be

reduced to [46, Eq. (46)].

V. NUMERICAL RESULTS

Numerical results are provided to verify the effect of

variable key parameters of the satellite-terrestrial relay

system in this section. Analytical formulae are validated

for their accuracy by MC simulations in the MATLAB. We

presume that the average SNR values for different links obey

γ̄FSO = γ̄RF = γ̄ in these figures. The turbulence parameters

of Málaga (M) distribution encompass (α = 2.296, β = 2)

and (α = 4.2, β = 3) [21], which are set for strong and

moderate turbulence of the S−R link. The value for ζ = 1.1
and ζ = 6.7 represents strong and negligible pointing error,

respectively, and γ̄th is set to a constant value of 10 dB. The

values of relevant system parameters and weather-dependent

variables for the FSO and RF subsystems are extracted from

[39], [40], [47], [48] and tabulated in Table IV.

TABLE IV: Parameters of FSO and RF sub-systems

Parameter Symbol Value

FSO System

light speed C 3× 105km/s
Optical power PFSO 4dB
Receive gain GR 45dB

Maximal satellite beam gain Gmax 53dB
Carrier frequency fFSO 2GHz

Distence between S −R dSR 35786km
Receiver noise temperature T 300K

3dB angle ϕ3dB 0.4◦

RF System

Transmit antenna gain Gt 43dBi
Receive antenna gain Gr 43dBi

Transmit power PRF 10mW
Attenuation(Oxygen) aoxy 15.1dB/km

Attenuation(Rain) arain 0dB/km
Noise power spectral density N0RF −114dBm/MHz

Receiver noise figure NRF 5dB
Distence between R−D dRD 1.5km

Carrier frequency fRF 60GHz
Bandwidth BRF 250MHz

In Fig. 2, the effects of the strong and moderate atmospheric

turbulence on the OP performance are depicted. The mixed

satellite-terrestrial FSO/MMW system employs strong and

negligible pointing errors over the HD (r = 1). The relay is

assumed to use fixed-gain AF with fixed Q = 1.7 and γth = 10

dB. Meanwhile, the RF link follows MFTR fading distribution

(K = 15,m = 5,∆ = 0.1). It is evident that the points of
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RAF = − 1
A log2

(

1− ζ2A1A
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)Γ(1+A)H
0,1;0,2;0,5
1,0;2,0;5,2

















(

1;−1, 1
r

)

−
(1; 1) , (1− µ− i; 1)

−
(1− ζ2, 1), (1− α, 1), (1− t, 1),

(

0,− 1
r

)

,
(

1−A, 1
r

)

(

0, 1
r

)

,
(

−ζ2, 1
)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

γ̄
µ(K+1)

1
B (µr)

1
r

































, (58)

RDF = − 1
A log2

(

1− ζ2A1A
2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)Γ(1+A)H
0,2;0,2;0,4
2,0;2,1;4,2

















(

0; 1
r , 1

)

,
(

1−A;− 1
r ,−1

)

−
(1, 1) , (1− µ− i, 1)

(0, 1)
(

1− ζ2, 1
)

, (1− α, 1) , (1− t, 1) ,
(

1, 1
r

)

(

0, 1
r

)

,
(

−ζ2, 1
)

∣

∣

∣

∣
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Fig. 2: OP v.s. average SNR for varying pointing errors of a mixed
FSO/MMW model, considering fixed-gain AF relay and the HD tech-
nique, under various turbulence scenarios (K = 15,m = 5,∆ = 0.1
and µ = 2).

the analytical curves fit well with the MATLAB simulation

curves. As expected, the OP decreases substantially with

ζ = 6.7, which represents negligible point error impairments.

Moreover, the atmospheric turbulence parameters α and β
influence the performance of OP significantly. The turbulence

parameters will decrease in the worse environment conditions.

The numerical results also demonstrate that the asymptotic

expression in (21) shows a comparable decline rate in the

outage curves under high SNR conditions. The numerical

results in (20) can be confirmed to closely match the average

SNR MC simulations with AF scheme.

The figure presented in Fig. 3 illustrates the influence of

varying optical power levels on the OP of the analyzed system

with PRF = 10dB under AF relay. As anticipated, optical

power manifests a positive impact. Optical power undeniably

enhances the received SNR, leading to an unequivocal im-

provement in outage performance. However, it is noteworthy

that as the optical power increases, there is a gradual deceler-
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Fig. 3: OP v.s. average SNR for varying optical power of a mixed
FSO/MMW model, considering fixed-gain AF relay and the HD tech-
nique, under various turbulence scenarios (K = 15,m = 5,∆ = 0.1
and µ = 2).

ation in the rate of improvement in the performance.

We assume DF relaying and the HD technique with fixed

values of K = 15,m = 5,∆ = 0.1, α = 2.296, β = 2
and µ = 2 to compare the average BER for DBPSK (p =
1, qk = 1, δ = 1, n = 1) and CBPSK (p = 0.5, qk =
1, δ = 1, n = 1) under variable pointing errors in Fig.4.

Obviously, the average BER for both modulation schemes

decreases along with the increase of average BER under

different pointing error conditions. Also, CBPSK performs

better than DBPSK and negligible pointing errors improves the

average BER performance more visibly than strong pointing

error. In addition, the asymptotic results match tightly with

the exact counterpart at high SNR. Meanwhile, the exact

mathematical results of average BER and the MC simulations

have a low error margin. It can be confirmed that the analytical

results and the MC curves match closely.

The average BER with variable detection techniques in

DBPSK (p = 1, qk = 1, δ = 1, n = 1) is depicted in Fig.
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Fig. 4: Average BER v.s. average SNR for variable pointing error of a
mixed FSO/MMW model with DF scheme and the HD technique for
CBPSK and DBPSK modulation conditions (K = 15,m = 5,∆ =
0.1, α = 2.296, β = 2 and µ = 2).
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Fig. 5: Average BER v.s. average SNR for variable fading severity
parameters, m, of a mixed FSO/MMW model with DF relaying and
DBPSK modulation under variable detection (K = 10,∆ = 0.5, µ =
2, α = 2.296, β = 2 and ζ = 1.1).

5, which assumes K = 10,∆ = 0.5, µ = 2, α = 2.296, β = 2
and ζ = 1.1. It can be concluded that the improvement of the

average BER performance with the IM/DD technique is less

than in the the HD technique. Obviously, the average BER

performs better under low fading severe parameter (m = 0.3)

for the relay system. It is straightforward to observe that the

gap between curves with different fading parameters under the

same detection technique becomes negligible at high SNR.

This implies that the impact of the severe fading parameter m
on detection techniques r, especially in the case of r = 2, is

not significant. Moreover, the analytical accuracy is verified

by the MC simulations.

Fig. 6 plots the m = 0.3 and m = 2 curves of average

BER under the DF relay system, which illustrates the effect

of the number of clusters with fixed parameters K = 10,∆ =
0.5, µ = 2, α = 2.296, β = 2 and ζ = 1.1. It is worth

noting that the average BER performs better with more clusters
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Fig. 6: Average BER v.s. average SNR for variable fading severity
parameters, m, of a mixed FSO/MMW model with DF scheme and
DBPSK modulation for varying numbers of clusters (K = 10,∆ =
0.5, µ = 2, α = 2.296, β = 2 and ζ = 1.1).
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Fig. 7: EC v.s. average SNR for variable pointing error impairments of
a mixed FSO/MMW model with DF scheme for both HD and IM/DD
detection conditions (K = 15,m = 5,∆ = 0.1, µ = 2, α = 2.296
and β = 2).

(µ = 4). As depicted in the curves, the analytical results fit

well with the MC simulation, as well as asymptotic results at

high SNRs. It is noteworthy that when m = 2, the number

of clusters µ shows minimal impact on the average BER

improvement. Moreover, it is evident that the gap between

the curves decreases, suggesting that the average BER is less

impacted by the number of clusters µ.

In Fig. 7, K = 15,m = 5,∆ = 0.1, µ = 2, α = 2.296
and β = 2 are fixed. The EC of the DF relay under variable

detection techniques for different pointing errors is presented.

The simulation results validate the accuracy. It is worth noting

that the HD technique is better than the IM/DD technique

in EC performance with varying pointing errors. Meanwhile,

IM/DD has a more significant impact on pointing errors.

Furthermore, our analysis is validated by the close agreement

between the MC simulations and the theoretical results.

In Fig. 8, we consider the case K = 15,m = 5,∆ =
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Fig. 9: EFC v.s. average SNR for variable turbulence impairments of
a mixed FSO/MMW model with DF relaying and the HD technique
under variable pointing error conditions (K = 15,m = 5,∆ =
0.1, µ = 2 and A = 1).

0.1, µ = 2 and ζ = 1.1. The theoretical and simulation

results of EFC in satellite-terrestrial relaying systems employ

various turbulence degrees with different A. As expected, the

EFC increases along with the average SNR under different

turbulence parameters and the moderate turbulence performs

better. It is straightforward to see that the figure results are fit

well with the simulation curves.

We assume K = 15,m = 5,∆ = 0.1, µ = 2, and A = 1
in Fig. 9, which demonstrates the EFC of the FSO/MMW

system of various pointing error impairments under strong and

moderate turbulence with the HD technique (r = 1). A clear

improvement of EFC with average SNR increase under differ-

ent degrees of turbulence is observed. It is evident that the EFC

is vulnerable to the turbulence and a substantial improvement

is anticipated for the negligible pointing error impairments

(ζ = 6.7). Besides, the results of the MC simulations in

MATLAB are validate the analytical counterparts.

Fig. 10 demonstrates the OP of FSO/MMW systems using
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Fig. 10: OP of FSO/MMW systems using variable gain AF, fixed-AF,
and DF relaying under the HD technique. (α = 2.296, β = 2, ζ =
1.1,K = 15,m = 5,∆ = 0.1 and µ = 2).

variable gain AF, fixed-AF, and DF relaying under the HD

technique. In this figure, we compare the OP of variable gain

AF relaying, fixed-gain AF relaying and DF relaying. It can

be observed that fixed-gain AF relaying exhibits the best OP

performance. Furthermore, it is evident that the gap between

the curves decreases. Since the relay system is primarily

influenced by the FSO channel, the RF channel parameters

have a relatively minor impact on the system performance.

VI. CONCLUSION

In this work, new closed-form expressions of a satellite-

terrestrial FSO/MMW relaying systems have been derived

with Málaga (M) distribution and MFTR fading, respec-

tively. Furthermore, employing fixed-gain AF and DF relays,

the closed-form performance expressions of end-to-end link

with both detection techniques for the OP, average BER,

EC and EFC have been demonstrated with bivariate Fox’s-

H function. Additionally, we have provided the asymptotic

results at high SNRs as well as derived the diversity orders.

The simulation results have validated the provided analytical

results and emphasized the significant consequences of the

turbulence parameter, pointing error, detection method, the

MFTR fading parameters and the number of clusters for end-

to-end transmission. On this foundation, the performance of

the relay system is primarily influenced by the FSO channel

parameters, and the RF channel parameters have a relatively

minor impact on system performance. As expected, the system

performance can be significantly improved in the case of

negligible atmospheric turbulence, weak pointing errors, HD

technique, and increase of the fading parameters, while the

presence of multi-path clusters has a negligible effect.
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APPENDIX A

PROOF OF CDF OF SNR FOR AF RELAYING

By deriving the CDF of S-D link SNR γAF , we obtain

FS−D
γAF (γ) = Pr (γAF < γ)

= Pr
(

γFSOγRF

γRF+Q < γ
)

= 1−
∫∞
0

fγFSO
(x+ γ)

[

1− FγRF

(

Qγ
x

)]

dx

, (A.1)

By substituting (6), (17) into (A.1) and applying the formula-

tion [34, Eq. (9.301)] which relates to the Meijer’s G-function,

then (A.1) can be rewritten as

FS−D
γAF (γ) = 1− ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)
1

2πi

×
∫

L1

Γ(ζ2−τ1)Γ(α−τ1)Γ(t−τ1)

Γ(ζ2+1−τ1)

(

B
(

1
µr

)
1
r

)τ1

dτ1

× 1
2πi

∫

L2

Γ(−τ2)Γ(µ+i−τ2)
Γ(1−τ2)

(

µ(K+1)Qγ
γ̄

)τ2
dτ2

×
∫∞
0

(x+γ)
τ1
r

x+γ x−τ2dx

, (A.2)

where L1 and L2 denote the contours of τ1-plane and τ2-

plane, respectively. Simplifying (A.2) with [34, Eq. (3.194.3),

Eq. (8.384.1)], yields the following expression

FS−D
γAF (γ) = 1− ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

(

1
2πi

)2

×
∫

L1

∫

L2

Γ
(

−τ2 +
τ1
r

)

Γ (τ2) Γ (µ+ i+ τ2)

×Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)

Γ(1+ τ1
r )Γ(ζ2+1+τ1)

×
(

B
(

γ
µr

)
1
r

)−τ1(
µ(K+1)Q

γ̄

)−τ2
dτ1dτ2

. (A.3)

After some algebraic manipulations with the help of [45, Eq.

(1.1)], we can obtain (20) with bivariate Fox’s-H function to

complete the proof.

APPENDIX B

PROOF OF ASYMPTOTIC CDF OF SNR FOR AF RELAYING

By employing the definition associated with the Fox’s H-

function [41, Eq. (1.1.2)] in (20), we have the asymptotic form

of the CDF

F∞
γAF (γ) ≈ 1− ζ2A1

2×2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)
1

2πi

×
∫

L1

Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)

Γ(1+ τ1
r )Γ(ζ2+1+τ1)

(

B
(

γ
µr

)
1
r

)−τ1

dτ1

×H2,1
1,2

[

µ(K+1)Q
γ̄

∣

∣

∣

∣

(

1− τ1
r , 1

)

(0, 1) , (µ+ i, 1)

]

− ζ2A1

2×2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)
1

2πi

×
∫

L2

Γ (τ2) Γ (µ+ i+ τ2)
(

µ(K+1)Q
γ̄

)−τ2
dτ2

×H4,0
2,4

[

B
(

γ
µr

)
1
r

∣

∣

∣

∣

(

1, 1
r

)

,
(

ζ2 + 1, 1
)

(

−τ2,
1
r

)

,
(

ζ2, 1
)

,(α, 1),(t, 1)

]

, (B.1)

Moreover, with the utilization of [41, Th 1.7, Th 1.11], the

asymptotic results with Fox’s-H functions in (B.1) can be

obtained

H4,0
2,4

[

B
(

γ
µr

)
1
r

∣

∣

∣

∣

(

1, 1
r

)

,
(

ζ2 + 1, 1
)

(

−τ2,
1
r

)

,
(

ζ2, 1
)

, (α, 1) , (t, 1)

]

≈ r
Γ(ζ2+τ2r)Γ(α+τ2r)Γ(t+τ2r)

Γ(1+τ2)Γ(ζ2+1+τ2r)

(

B
(

γ
µr

)
1
r

)−rτ2

+
Γ
(

−τ2−
ζ2

r

)

Γ(α−ζ2)Γ(t−ζ2)

Γ
(

1− ζ2

r

)

(

B
(

γ
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)
1
r

)ζ2
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Γ(−τ2−α

r )Γ(ζ
2−α)Γ(t−α)

Γ(1−α
r )Γ(ζ2+1−α)

(

B
(

γ
µr

)
1
r

)α

+
Γ(−τ2− t

r )Γ(ζ
2−t)Γ(α−t)

Γ(1− t
r )Γ(ζ2+1−t)

(

B
(

γ
µr

)
1
r

)t

, (B.2)

and

H2,1
1,2

[

µ(K+1)Q
γ̄

∣

∣

∣

∣

(

1;− τ1
r , 1

)

(0, 1) , (µ+ i, 1)

]

≈ Γ (µ+ i) Γ
(

s1
r

)

+Γ (−µ− i) Γ
(

s1
r + µ+ i

)

(

µ(K+1)Q
γ̄

)µ+i

. (B.3)

After inserting (B.2) and (B.3) into (B.1) and performing

necessary algebraic transformation, we can deduce (21) to

complete the proof.

APPENDIX C

PROOF OF AVERAGE BER OF SNR FOR AF RELAYING

Inserting (20) into (36), we can obtain the average BER of

AF relaying as

P̄AF
e = nδ

2 − δ
2Γ(p)

n
∑

k=1

qpk
ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0
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Γ(µ+i)

×
(

1
2πi

)2 ∫

L1

∫

L2
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Γ(1+ τ1
r )Γ(ζ2+1+τ1)

×Γ
(

−τ2 +
τ1
r

)

(

B
(

1
µr

)
1
r

)−τ1

×Γ (τ2) Γ (µ+ i+ τ2)
(

µ(K+1)Q
γ̄

)−τ2
dτ1dτ2

×
∫∞
0

γp−1γ− τ1
r exp (−qkγ)dγ

, (C.4)

Utilizing [34, Eq. (3.381.4)] into (C.5), we have the integral

expressions as

P̄AF
e = nδ

2 − δ
2Γ(p)

ζ2A1

2r

β
∑

t=1
bt

∞
∑

i=0

wi

Γ(µ+i)

(

1
2πi

)2

×
∫

L1

∫

L2

Γ(ζ2+τ1)Γ(α+τ1)Γ(t+τ1)Γ(p− τ1
r )

Γ(1+ τ1
r )Γ(ζ2+1+τ1)

×
(

B
(

1
qkµr

)
1
r

)−τ1

Γ (τ2) Γ (µ+ i+ τ2)

×Γ
(

−τ2 +
τ1
r

)

(

µ(K+1)Q
γ̄

)−τ2
dτ1dτ2

. (C.5)

Using [45, Eq. (1.1)], then (37) is obtained, which completes

the proof.
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