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Abstract—This paper proposes a unified performance analysis
framework of asymmetric dual-hop radio-frequency/free-space
optical (RF/FSO) transmission systems. The generalized inde-
pendent and identically distributed (i.i.d.) α − µ distribution is
considered for each branch in the RF link, whereas the FSO link
is assumed to experience Ḿalaga (M) fading with pointing error
impairments. With amplify-and-forward (AF) and decode-and-
forward (DF) relaying, the imperfect channel state information
(CSI) of both links is considered. For the considered system,
we first derive exact and novel analytical expressions for the
probability density function (PDF) and cumulative distribution
function (CDF) of the end-to-end signal-to-noise ratio (SNR).
Furthermore, we obtain key performance metrics such as outage
probability (OP), average bit-error-rate (ABER), and effective
capacity (EC). The important effects of channel parameters on
the system are disclosed from mathematical analysis and are
further validated by Monte-Carlo simulations.

Index Terms—performance analysis, Free space optical com-
munication, α − µ distribution, M álaga (M) fading, imperfect
CSI.

I. I NTRODUCTION

The increasing amount of connected nodes and the occur-
rence and growth of high-volume services have a significan-
t effect on the new generation of wireless communication
networks. Proximity-based communication systems, such as
device-to-device wireless networks and their byproducts, have
opened their doors in these ultra-dense networks [1]. The com-
munication burdens have shifted from the core to the access
interface in data traffic networks supporting these services.
The fifth-generation (5G) technology standard is required to
offer services including low latency, massive throughput, and
high-speed network [2]. To accomplish this high demand
is certainly a huge challenge [3]. Free space optical (FSO)
technology requires no license fees because it relies on laser
beams at frequencies above 300 GHz. Compared with the radio
frequency (RF) communication, there are several outstanding
virtues of the FSO system, such as high safety, low persistence,
lower power depletion (∼1/2 of RF), smaller dimensions
(∼1/10 of the RF antenna size), and easy installation without
optical fiber deployment [4]. These advantages make of FSO
systems an excellent replacement for conventional RF systems.
However, the FSO system performance is limited by practical
impairments such as atmospheric turbulence (e.g., dust, fog,
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clouds, and snow,) and pointing errors [5]. As a useful tech-
nology, relaying has been generally made use of in practical
telecommunication networks [6]. To solve the afore-mentioned
issues, hybrid FSO/RF systems have attracted much attention
from academia and industry. Hybrid RF/FSO systems merge
the best features of both technologies and, when combined
with relaying techniques, can enhance the system performance
significantly.

A. Related Work

In [7], Lee et al. have analyzed the performance of the
asymmetric RF/FSO relay system. The performance analysis
has been further studied on mixed RF/FSO relay systems
over several fading channels [8]–[18]. In most of existing
works on hybrid RF/FSO systems, the FSO link is assumed
to undergo Gamma-Gamma turbulence [10]–[12], [18], the
double generalized Gamma distribution [8], [9], theM -
distributed fading [13], the mixture Exponential-Generalized
Gamma distribution [14], the Exponentiated Weibull fading
channel [15], the Generalized Ḿalaga distribution [16], and
Málaga (M) distribution [17], respectively. For the RF link,
Nakagami-m and/or Generalized Nakagami-m distributions
are generally modeled [8], [11], [12], [15], [16], [19], Rayleigh
fading [13], [18], [20], as well asκ− µ, η − µ, the extended
generalized-K shadowed fading, Generalized-K distribution,
α− µ fading and Fisher-SnedecorF fading models, see e.g.,
in [10], [17], [9], [14]. Nevertheless, these works were carried
out under the assumption that perfect CSI was obtainable.
In practice, it is impractical to get perfect CSI for wireless
channels due to channel estimation errors and feedback errors
[21]. Performance analysis of the RF/FSO dual-hop link was
presented in [22] with imperfect CSI, Rayleigh faded MIMO
channel for the RF link and Gamma-Gamma fading for the
FSO link. The authors of [23] studied the performance of
multiuser mixed RF/FSO relay networks with generalized
order user scheduling considering the outdated CSI. Even
though the above works in [22], [23] are insightful, these
results assume a Rayleigh fading channel model which models
a homogeneous scattering condition. In reality, since the re-
ceived signals are spatially correlated, a nonlinear function of
the modulus of the sum of the multipath components can more
accurately model the nonhomogeneous scattering environment
[24], [25]. In this paper, we deal with the above issues by
analyzing the performance of dual-hop asymmetrical RF/FSO
systems. Note that under both heterodyne detection and in-
tensity modulation with direct detection (IM/DD) methods,
the FSO link considers the pointing error impairment. The
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FSO system can be installed with boresight error1 close to
zero or even negligible when the transmitter and receiver in
the single-input-single-output FSO link are properly aligned
[26], [27]. To the best of the author’s knowledge, only the
studies [28] and [29] consider the imperfect CSI in RF
and FSO channels of the RF/FSO systems. However, they
all focus on the secrecy performance. In this work, we fill
this gap by offering a general analytical framework of the
considered systems with imperfect CSI. Also, we provided the
novel closed-form expressions for various performance metrics
such as the OP, BER, and EC. Designing practical RF/FSO
systems with imperfect CSI, these novel results can provide
significant insights. Specifically, the EC considers the delay
limitations imposed by emerging real-time applications with
various quality of service (QoS) demands [5]. the relay equips
with multiple antennas, based on maximal-ratio combining
(MRC) to enhance the received signal-to-noise ratio (SNR).
In addition, we investigate more realistic scenarios where the
RF and FSO links are both considered imperfect CSI, which
are modeled by the sum of generalized independent identically
distributed (i.i.d.)2 α−µ and Ḿalaga (M) fading. Furthermore,
α − µ fading has some outstanding qualities, for instance
universality, adaptability, and arithmetical manageability. The
α − µ fading includes other distributions such as Rayleigh,
Nakagami-m, Negative Exponential, One-Sided Gaussian, and
Weibull [30] as special cases. Moreover, The non-linearity of
the physical channel can be expressed by this fading model.
These advantageous characteristics ofα−µ fading make it an
appropriate candidate to be used in the RF link. Furthermore,
Málaga (M) fading integrates most fading models for the FSO
link, including both lognormal and Gamma-Gamma models as
special cases, and can describe a more extensive reflection of
turbulence conditions [31]. The contributions of this work can
be summarized as follows:

1) We propose an asymmetrical RF/FSO relay system mod-
el for wireless communications in whichα − µ fading
and Ḿalaga (M) fading are considered. Operating both
AF and DF relaying, the FSO link experiences both
effect of atmosphere turbulence and pointing error. Capi-
talizing on the effect of imperfect CSI, a novel and exact
closed-form CDF expression for the end-to-end SNR is
derived.

2) Significant theoretical and practical insights are provided
by investigating the effects of the imperfect CSI and
channel parameters on the system performance.

3) Due to the difficulty to obtain exact closed-form expres-
sions, and in order to analyze the influence of each pa-
rameter on the performance, we provide the asymptotic
propertes of the derived OP of the DF scheme at the high
SNR regime in terms of simple elementary functions.

1The analysis of the effect of non-zero boresight pointing errors will be
conducted in our future work based on the results of this paper.

2The generalization of this work to non-i.i.d. fading channels is promising
for future research.

RF Links

Nr

FSO Links

R

D

Fig. 1. Mixed RF/FSO communication system model.

B. Organization

The remainder of the paper is organized as follows. Section
II presents the channel and system models. The statistical
features of the end-to-end SNR of the considered system are
presented in Section III. The performance metrics such as
outage probability, average bit error rate, and effective capacity
are derived in Section IV. Section V supplies Monte Carlo and
analytical results. Finally, Section VI concludes the paper.

II. SYSTEM MODEL

We consider a dual-hop asymmetric RF/FSO system de-
picted in Fig. 1, which has an FSO receiver (D) and an RF
transmitter (S), each equipped with a single antenna. The relay
(R) hasNr antennas and only a photo-diaphragm sending set
on the optical side. The system works on the principle of the
MRC diversity using both AF and DF relays. Due to obstacles,
the link between the transmitter and the receiver has no direct
line-of-sight. The RF links and the FSO link experienceα−µ
fading and Ḿalaga (M) fading, respectively, wherein the CSI
is imperpect.

A. RF Link

Using MRC, the channel gain of the RF links can be
expressed as

|hRF,s|2 =

Nr∑

i=1

|hRF,i|2, (1)

where hRF,i represents the channel coefficient of RF link
between transmitter and relay’sNr antennas, which is assumed
to undergoα − µ fading. The received signal atR can be
written as [32, Eq. (2)]

yR(i) = ĥRF,sx(i) + nSR, (2)

where nSR is the additive white Gaussian noise (AWGN)
with variance σ2

n. The message block can be encod-
ed at the transmitter in terms of the codewordxNr =
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TABLE I
L I TERATURE ONM IXED RF/FSO SYSTEMS

Ref. RF Link FSO Link CSI Performance Metrics
[7] Rayleigh Gamma-Gamma Perfect OP
[8] Nakagami-m Double generalized gamma Perfect OP, BER
[9] extended generalized-K(EGK) double generalized Gamma (DGG) Perfect OP, BER, Ergodic Capacity
[10] Generalizedκ− µ or η − µ Gamma-Gamma Perfect OP, BER
[11] Nakagami-m Gamma-Gamma Perfect OP, BER
[12] the generalized Nakagami-m Gamma-Gamma Perfect OP, BER
[13] Rayleigh M-distributed Perfect OP
[14] Generalized-K Mixture Exponential-Generalized Gamma Perfect OP, BER, Average Channel Capacity
[15] Nakagami-m Exponentiated Weibull Perfect OP, BER
[16] Nakagami-m Generalized Ḿalaga Perfect OP,BER, Ergodic Capacity
[17] κ− µ Málaga-M Perfect OP, Ergodic Capacity
[18] Rayleigh Gamma-Gamma Perfect OP, BER
[19] the generalized Nakagami-m Gamma-Gamma Imperfect OP, BER, Ergodic Capacity
[23] Rayleigh Gamma-Gamma Outdated OP, BER, Ergodic Capacity
[28] Rayleigh Gamma-Gamma Imperfect SOP
[29] Nakagami-m Málaga Outdated and Imperfect The effective secrecy throughput

Our Work α− µ Málaga (M) Imperfect OP, BER, Effective Capacity

[x(1), x(2), ...x(i)..., x(Nr)], which is appropriate to commu-
nicate through theα − µ fading channel.̂hRF,i represents the
estimated RF channel gain which can be written as [33, Eq.
(3)]

ĥRF,i = ρRFhRF,i +
√
1− ρ2RFε, (3)

whereρRF ∈ (0, 1] is a constant denoting the CSI accurateness.
The CSI estimation error decreases as the value ofρRF

increases, andρRF = 1 means that there is no CSI estimation
error. The instantaneous SNR of the imperfect RF linkγ̂RF

can be written as

γ̂RF = R2Es/N0 = γ̄RFĥ
2
RF,s, (4)

whereR denotes the envelopes of the received signals, and
γ̄RF is the average SNR.N0 andEs represent the single-sided
noise power spectral density and the average symbol energy,
respectively.

Lemma 1: The PDF and CDF of̂γRF are given as

fγ̂RF(γ) =






∞∑
k=0

C2ϕ
k+1
2 γ

k−1
2 exp (−ϕγ) γ > 0

1− Z1 γ = 0
(5)

Fγ̂RF(γ) =






∞∑
k=0

C2G
1,1
1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

]
γ > 0

1− Z1 γ = 0
(6)

where C2,
α2k−2Gk

k!
√
πΓ(µ)

, ϕ, 1

2N2
r γ̄RF(1−ρ2RF)

, Z1 ,

∞∑
k=0

αΓ( 1+k
2 )2k−2Gk

k!
√
πΓ(µ)

, µ and α are two physical parameters,

which represent the number of multipath clusters and the
non-linearity of the environment, respectively.Gm,np,q [·]
[34, Eq. (9.301)] andΓ(·) [34, Eq. (8.310)] denotes the
Meijer’s G-function and the Gamma functions, respectively.

Gk = H1,1
1,1

[
µ(2(1−ρRF

2)Nr
2)

α
2

(ρRFr̂)
α

∣∣∣∣
(1− k

2 ,
α
2 )

(µ, 1)

]
, in which

Hm,n
p,q [·] [35, Eq. (1.1.1)] denotes the the Fox’sH-function.

Proof: Please see Appendix A.

B. FSO Link

The probability density function (PDF) and the cumulative
distribution function (CDF) of the FSO link SNR̂γFSO are
given by [28, Eq. (3), Eq. (4)]

fγ̂FSO(γ) =





B1

β∑
h=1

∞∑
i=0

bhϕ1γ
i+1
r

−1e−ψ1γ
2
r γ > 0

1− Z γ = 0

(7)

Fγ̂FSO(γ) =





B1

β∑
h=1

∞∑
i=0

H1G
1,1
1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]
γ > 0

1− Z γ = 0
(8)

where the type of detection technique is defined by the
parameterr. r = {1, 2} denotes heterodyne and IM/DD
detection, respectively. The value ofa and β show the
severity level of atmospheric turbulence. The off-axis eddies
receive the average power of the scattering component which
can be represented asg = 2b0(1 − ρ0), with ρ0 denoting
the number of scattering power coupled to the line-of-sight
(LOS) component, and the average power of the total scatter

components2b0. B1 ,
2a−4.5A1ξ

2

π1.5 , A1 ,
2a0.5a

(

βg
βg+Ω1

)0.5a+β

Γ(a)g1+0.5a ,

bh ,
(β−1)!a0.5hΩh−1

1 (βg+Ω1)
1−0.5h

gh−1β0.5h((h−1)!)2(β−h!)

(
βa

βg+Ω1

)−0.5(h+a)

,

ψ1 , 1

2γ
2
r
FSO(1−ρ2FSO)

, ϕ1 , Gi2
h+0.5i

i!r(1−ρ2FSO)
0.5(i+1)γ

1+i
r

FSO

,

H1 , 2i+h−0.5bhGi

i! , Z ,
A1ξ

2

π1.5

β∑
h=1

∞∑
i=0

Γ
(
1+i
2

)
2i+a+h−5Gibh

i! .

Ω1 , 2ρ0b0 + Ω + 2
√
2ρ0b0Ωcos(ϕA − ϕB) is the

average power of the coherent contributions, where
Ω is the average power of the LOS component,ϕA

and ϕB are the deterministic phases of the LOS
and the coupled-to-LOS scatter terms, respectively.

Gi = G1,6
6,3

[
23

δ2(1−ρFSO
2)

∣∣∣∣∣
1−ξ2

2 , 2−ξ
2

2 , 1−a2 , 2−a2 , 1−h2 , 2−h2
i
2 ,−

ξ2

2 ,
1−ξ2

2

]
,

where δ ,
aβ

A0IlρFSO(Ω1+βg)
. Il is a constant in a given

weather condition that represents the path loss.A0 and ξ
are constant terms that determine the pointing loss (ξ → ∞
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means negligible pointing errors).

III. STATISTICS OF END-TO-END SNR

A. AF Relay with Fixed-Gain

Proposition 1. Supposing a fixed gain relay, the end-to-end

SNR can be calculated as γ̂AF = γ̂FSOγ̂RF

γ̂RF+CR
[36], where

γ̂FSO and γ̂RF are FSO and RF links instantaneous SNRs,

respectively. CR represents a parameter associated with the

fixed relay gain. The CDF for the considered system can be

derived in closed-form as

FAF(γ) = 1−B1

β∑
h=1

∞∑
k=0

H1G
2,0
1,2

[
γ2

2(1−ρ2FSO)

∣∣∣∣
1

1+i
2 , 0

]

+
β∑

h=1

∞∑
k=0

∞∑
i=0

bhϕ1C2B1γ
1+i
r H0,1:2,1:0,1

1,0:1,3:1,1



(
1 + 1+i

r ; 1, 2r
)

−
(1, 1)

(1, 1)
(
1+k
2 , 1

)
(0, 1)

(1, 1)(
1+i
r , 2r

)

∣∣∣∣∣∣∣∣∣∣∣∣

ϕCR,
(

1
ψ1γ

) 2
r



,

(9)

where H0,n1:m2,n2:m3,n3
p1,q1:p2,q2:p3,q3 [·] refers to the bivariate Fox’s-H

function [37].

Proof: Please see Appendix B.

Truncating (10) to the first N1 and N2 terms, we can get

F̃AF(γ) = 1−B1

β∑
h=1

N1∑
k=0

H1G
2,0
1,2

[
γ2

2(1−ρ2FSO)

∣∣∣∣
1

1+i
2 , 0

]

+
β∑

h=1

N1∑
k=0

N2∑
i=0

bhϕ1C2B1γ
1+i
r H0,1:2,1:0,1

1,0:1,3:1,1



(
1 + 1+i

r ; 1, 2r
)

−
(1, 1)

(1, 1)
(
1+k
2 , 1

)
(0, 1)

(1, 1)(
1+i
r , 2r

)

∣∣∣∣∣∣∣∣∣∣∣∣

ϕCR,
(

1
ψ1γ

) 2
r



,

(10)

The truncation error of F̃AF (γ) relative to the previous N1

and N2 terms is given by

ε(N1, N2) = FAF (∞)− F̃AF (∞) (11)

TABLE II
REQUIRED TERMS N1 AND N2 FOR THE TRUNCATION ERROR (ε < 10−5)

WITH DIFFERENT PARAMETERS a, β , AND ξ .

System and channel parameters N1 N2 ε
a = 2.296, β = 2, ξ = 1.1 7 17 9.38997× 10−6

a = 4.2, β = 3, ξ = 1.1 7 19 8.78283× 10−6

a = 2.296, β = 2, ξ = 6.7 7 27 9.55683× 10−6

a = 4.2, β = 3, ξ = 6.7 7 35 9.35421× 10−6

The convergency of the series in (10) can be proved by

Table II, which indicates the required terms N1 and N2 for

different channel parameters. Notice that N1 only needs less

than 10 terms, and N2 needs less than 40 terms to achieve a

satisfying accurateness (e.g., smaller than 10−5).

B. DF Relaying

Proposition 2. Based on the end-to-end SNR of a DF relayed

system γ̂DF = min(γ̂FSO, γ̂RF) [9, Eq. (26)]. Noting that the

links suffer fading independently, the CDF at the destination

can be formulated as

Fγ̂DF (γ) = Fγ̂RF (γ) + Fγ̂FSO (γ)− Fγ̂RF (γ)Fγ̂FSO (γ)
= 1− FCγ̂RF

(γ)FCγ̂FSO
(γ) ,

(12)

where FCγ (·) is the complementary CDF (CCDF) of γ.
Proof: By substituting (8) and (6), then the CDF can be

written as in (13) after some manipulations. Thus, the proof

is completed.

Fγ̂DF (γ)=1− (Z1 − Fγ̂RF (γ)) (Z − Fγ̂FSO (γ))

= 1−
(
Z1− C2

∞∑
k=0

G1,1
1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

])

×
(
Z − B1

β∑
h=1

∞∑
i=0

H1G
1,1
1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]) . (13)

By utilising [35, Eq. (1.59)] and at high-SNRs, (13) can be

rewritten by

F∞
γ̂DF (γ) = F∞

γ̂FSO
(γ)+F∞

γ̂RF
(γ)−F∞

γ̂FSO
(γ)F∞

γ̂RF
(γ) , (14)

where

F∞
γ̂FSO(γ) =





B1

β∑
h=1

∞∑
i=0

H1
2

1+i(ψ1γ
2
r )

1+i
2 γ > 0

1− Z γ = 0

, (15)

F∞
γ̂RF(γ) =





∞∑
k=0

2C2

1+k (ϕγ)
1+k
2 γ > 0

1− Z1 γ = 0
. (16)

The diversity gain Gd decides the slope of the OP versus

average SNR curve. The coding gain Gc decides the shift of
the curve in SNR relative to a benchmark OP curve of (γ̄)

−Gd .

The diversity gain and the coding gain can be written as [38]

Pout ≈ (Gc · γ̄)−Gd . (17)

Assuming perfect CSI, the OP can be parameterized with

Gd = min

(
1

r
,
1

2

)
, (18)

and

Gc=





8π(1− ρRF
2)
(
NrΓ(µ)
αGk0

)2

+

(
B1

β∑
h=1

2h+0.5bhGi0

)−2(
2(1−ρFSO

2)
γth

)
,

1
r = 1

2

8π(1− ρRF
2)
(
NrΓ(µ)
αGk0

)2

, 1
r >

1
2

(19)

whereGk0 = H1,1
1,1

[
µ(2(1−ρRF

2)Nr
2)

α
2

(ρRF r̂)
α

∣∣∣∣
(1, α2 )
(µ, 1)

]
, andGi0 =
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G1,6
6,3

[
23

δ2(1−ρFSO
2)

∣∣∣∣∣
1−ξ2

2 , 2−ξ
2

2 , 1−α2 , 2−α2 , 1−h2 , 2−h2
0,− ξ2

2 ,
1−ξ2

2

]
.

Truncating (15) and (16) to the firstN3 andN4 terms, we
can get

F̃γ̂∞

FSO
(γ) =





B1

β∑
h=1

N3∑
i=0

H1
2

1+i (ψ1γ
2
r )

1+i
2 γ > 0

1− Z γ = 0

, (20)

F̃γ̂∞

RF
(γ) =






N4∑
k=0

2C2

1+k (ϕγ)
1+k
2 γ > 0

1− Z1 γ = 0

. (21)

From the diversity gain and coding gain, we can see that the
slope of the performance curve is only related to the type of
detection technique at high SNR. The shift of the performance
curve relative to a benchmark curve is decided by both system
and channel parameters.

The truncation error of̃F∞
γ̂DF (γ) and F̃∞

γ̂FSO
(γ) relative to

theN3 terms andN4 terms are respectively given by

ε1(N3) = F∞
γ̂FSO

(∞)− F̃γ̂∞

FSO
(∞) (22)

ε2(N4) = F∞
γ̂RF

(γ)− F̃γ̂∞

RF
(γ) (23)

TABLE III
REQUIRED TERMSN3 FOR THE TRUNCATION ERROR(ε1 < 10−13 ) WITH

DIFFERENT PARAMETERSρ.

The CSI accurateness parametersN3 ε1
ρ = 0.5 4 2.20102× 10−14

ρ = 0.9 5 1.08247× 10−15

ρ = 0.95 6 1.11022× 10−16

Table III shows the convergence of the infinite series in (15)
by presenting the required truncation termsN3 for different
parameters. Note that only less than 10 terms are needed
for the series to converge in all considered cases, and the
truncation error is less than10−13.

TABLE IV
REQUIRED TERMSN4 FOR THE TRUNCATION ERROR(ε2 < 10−7) WITH

DIFFERENT PARAMETERSa.

The non-linearity parametersN4 ε2
α = 4 3 1.22543× 10−8

α = 2 4 4.5224× 10−10

α = 1 5 1.01573× 10−11

Table IV proves the convergence of the infinite series in (16)
by presenting the required truncation termsN4 for different
parameters. Note that only less than 5 terms are needed for the
series to converge in all considered cases, and the truncation
error is less than10−7.

Remark 1. The variable-gain AF relaying and DF relaying
schemes have a similar performance because the end-to-end
SNR of the variable-gain relaying system can be expressed as

γ= γRF γFSO

γRF+γFSO+1
∼= min(γRF , γFSO) [11]. The mathematical

derivation of variable-gain AF relaying system is left for our
future work.

IV. PERFORMANCEANALYSIS

A. Outage Probability

Mathematically speaking, the OP can be elucidated as the
probability that the instantaneous end-to-end SNR falls below
a particular outage threshold,γth, which is given as follows

Pout(γth) = Pr[γ < γth] = Fγ(γth). (24)

B. Average Bit-Error Rate

For a variety of binary modulation schemes, the average
BER can be written in terms of the CDF ofγ as [39]

P̄e =
δ

2Γ (p)

n∑

k=1

qpk

∫ ∞

0

γp−1 exp (−qkγ)Fγ (γ)dγ, (25)

whereδ, n, p, qk depend on the particular types of modulation
schemes as well as heterodyne or IM/DD detection. The
average BER for coherent binary phase shift keying (DBPSK)
is given by (25) with(δ, n, p, qk) = (1, 1, 1, 1).

1) Fixed-Gain AF Relaying:

Theorem 1. We can obtain the ABER of the considered system
under the AF relay by substituting(10) into (25)

P̄AFe = nδ
2 − δB1H1

2Γ(p)

β∑
h=1

∞∑
k=0

n∑
k1=1

H2,1
2,2

[
1

2(1−ρ2FSO)q
2
k

∣∣∣∣
(0, 2) (1, 1)(
1+i
2 , 1

)
(0, 1)

]

+ δB1bhϕ1C2

2Γ(p)

β∑
h=1

∞∑
k=0

∞∑
i=0

n∑
k1=1

q
−

1+i
r

k1
H0,1:2,1:1,1

1,0:1,3:1,2




(
1 + 1+i

r ; 1, 2r
)

−
(1, 1)

(1, 1)
(
1+k
2 , 1

)
(0, 1)

(1, 1)(
1+i
r + p, 2r

) (
1+i
r , 2r

)

∣∣∣∣∣∣∣∣∣∣∣∣

CRϕ,
(
qk1
ψ1

) 2
r



.

(26)

Proof: The average BER (26) can be written as (27) by

representingexp (−qk1γ) as H1,0
0,1

[
qkγ

∣∣∣∣
−
0; 1

]
, then using

[40, Th.2.3] and [34, Eq (3.381/4)].

P̄AFe = nδ
2 −B1H1

δ
2Γ(p)

β∑
h=1

∞∑
k=0

n∑
k1=1

qpk1
∫∞

0
γp−1

×H1,0
0,1

[
qkγ

∣∣∣∣
−

(0, 1)

]
H2,0

1,2

[
γ2

2(1−ρ2FSO)

∣∣∣∣
1(

1+i
2 , 1

)
(0, 1)

]
dγ

+ δ
2Γ(p)

β∑
h=1

∞∑
k=0

n∑
k1=1

q
− 1+i

r

k1
C2B1bhϕ1

×
(

1
2πi

)2 ∫
L1

∫
L2

Γ(1−s)Γ(s)Γ( 1+k
2 −s)

Γ(1+s)

×Γ(s− 1+i
r

+
2s1
r )Γ(s1)Γ(p+ 1+i

r
−

2s1
r )

Γ(1− 1+i
r

+
2s1
r )

(ϕCR)
s
(
qk1
ψ1

) 2
r

dsds1.

(27)
The proof is completed with the help of [37, Eq. (1.1)].
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P̄DFe = nδ(1−ZZ1)
2 + δZC2

2Γ(p)

n∑
k1=1

∞∑
k=0

G1,2
2,2

[
ϕ
qk1

∣∣∣∣
1− p, 1
1+k
2 , 0

]
+ δZ1B1

2Γ(p)

n∑
k1=1

β∑
h=1

∞∑
i=0

H1
r

i
2 2p−

1
2

(2π)
r
2
Gr,r+2
r+2,2r

[
4ψr

1

rrq2
k1

∣∣∣∣
∆(r, 1),∆(2, 1− p)
∆(r, 1+i2 ),∆(r, 0)

]

− δB1C2H1

2Γ(p)

β∑
h=1

∞∑
k=0

∞∑
i=0

n∑
k1=1

q
− 1+k

r

k1
H0,1:1,1:1,1

1,0:1,2:1,2




(
1− p; 1, 2r

)

−
(1, 1)(

1+k
2 , 1

)
(0, 1)

(1, 1)(
1+i
r + p, 2r

)
(0, 1)

∣∣∣∣∣∣∣∣∣∣∣∣

ϕ
qk1
, ψ1

(qk1 )
2
r



.

(28)

2) DF Relaying:

Theorem 2. By substituting(12) into (25), we can derive the
closed-form expression of the average BER as(28), shown at
the top of the next page.

Proof: By representingexp (−qk1γ) asH1,0
0,1

[
qkγ

∣∣∣∣
−
0; 1

]
,

the average BER can be rewritten as

P̄DFe = nδ(1−Z0Z1)
2 + δ

2Γ(p)ZC2

β∑
h=1

∞∑
k=0

n∑
k1=1

qpk1

×
∫∞

0 γp−1H1,0
0,1

[
qkγ

∣∣∣∣
−

(0, 1)

]
G1,1

1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

]
dγ

+ δ
2Γ(p)B1H1Z1

β∑
h=1

∞∑
k=0

n∑
k1=1

qpk1

×
∫∞

0 γp−1H1,0
0,1

[
qkγ

∣∣∣∣
−

(0, 1)

]
G1,1

1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]
dγ

− δ
2Γ(p)C2B1H1

β∑
h=1

∞∑
k=0

n∑
k1=1

qpk1

×
∫∞

0
γp−1H1,0

0,1

[
qkγ

∣∣∣∣
−

(0, 1)

]
G1,1

1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

]
G1,1

1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]
dγ.

(29)
With the help of [34, Eq (7.813/1)], [41, Eq (21)], and [37,
Eq (2.3)], the proof is completed.

C. Effective Capacity

By definition, the effective capacity is given by

R
∆
= − 1

A log2(E{1 + γ}−A)
= − 1

A log2

(
1−A

∫∞

0
(1 + γ)−A−1FCγ (γ)dγ

)
,

(30)

whereA
∆
= θTB/ln2 with the block lengthT , asymptotic

decay-rate of the buffer occupancyθ, and the system band-
width B [42].

1) Fixed-Gain AF Relaying:

Theorem 3. By substituting(10) into (7), the closed-form

expression of the effective capacity can be derived as

RAF=−1
A log2[1−AB1H1

β∑
h=1

∞∑
k=0

H3,1
2,3

[
1

2(1−ρ2FSO)

∣∣∣∣
(0, 2) (1, 1)(

1+i
2 ,1
)
(0,1)(A,2)

]

+ 1
Γ(1+A)B1

β∑
h=1

∞∑
k=0

∞∑
i=0

bhϕ1C2

H0,1:2,1:1,2
1,0:1,3:2,3




(
1 + 1+i

r ; 1, 2r
)

−
(1, 1)

(1, 1)
(
1+k
2 , 1

)
(0, 1)(

1−A+ 1+i
2 , 2r

)
(1, 1)(

1 + 1+i
r , 2r

) (
1+i
r , 2r

)

∣∣∣∣∣∣∣∣∣∣∣∣

ϕCR,
(

1
ψ1

) 2
r



].

(31)

Proof: By substituting (10) into (7), with the help of
the definition of the bivariate Fox’sH-functions, (31) can be
rewritten as

RAF=−1
Alog[1−A

∫∞

0
(1+γ)

−A−1
B1H1G

2,0
1,2

[
γ2

2(1−ρ2FSO)

∣∣∣∣
1

1+i
2 , 0

]
dγ

+
β∑
h=1

∞∑
i=0

∞∑
k=0

C2B1bhϕ1

∫∞

0
(1 + γ)

−A−1
γ

1+i−2s1
r dγ

×
(

1
2πi

)2 ∫
L1

∫
L2

Γ(s− 1+i
r

+
2s1
r )Γ(1−s)Γ( 1+k

2 −s)Γ(s)
Γ(1+s)

× Γ(s1)

Γ(1− 1+i
r

+
2s1
r )

(ϕCR)
s
(

1
ψ1

) 2s1
r

dsds1.

(32)
Based on [37, Eq. (1.1)], with the help of [35, Eq.(2.8.4)] and
[34, Eq.(3.194/3) , [Eq.(8.384/1)], the proof is completed.

2) DF Relaying:

Theorem 4. With the help of(13), we expand the effective
capacity under the DF scheme in(7) as (24), shown at the
top of the next page.

Proof: With the help of [43, Eq (8.2.3)], and [40, Eq.
(1.43)], the effective capacity can be expressed as (25), shown
at the top of the next page.

Employing [34, Eq (7.811.5)], [41, Eq (21)], and [37, Eq
(2.3)], (24) is deduced, thus completing the proof.

V. NUMERICAL RESULTS AND DISCUSSIONS

In this section, analytical results are presented to verify
the effect of different system and channel parameters on
the performance of the considered system. The Monte-Carlo
simulation is provided to confirm the correctness of the derived
results. We assume that, for different hop, the average SNR is
the same in all figures.
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RDF=−1
A log[1−ZZ1+

AZ
Γ(1+A)

∞∑
k=0

C2G
2,2
2,3

[
ϕ

∣∣∣∣
0, 1

A, 1+k2 , 0

]
+ 2AAZ1B1H1r

i
2

(2π)
r+1
2

β∑
h=1

∞∑
i=0

Gr+2,r+2
r+2,2r+2

[
ψr

1

rr

∣∣∣∣
∆(2, 0)∆(r, 1)

∆(2, A)∆(r, 1+i2 ),∆(r, 0)

]

−AB1C2H12
Ar

k
2 Γ( 1+i

2 )

(2π)
r+1
2

β∑
h=1

∞∑
i=0

Gr+2,r+2
r+2,2r+2

[
ψr

1

rr

∣∣∣∣
∆(2, 0),∆(r, 1)

∆(r, 1+i2 ),∆(r, 0),∆(2, A)

]
+A
ϕH1C2B1

β∑
h=1

∞∑
k=0

∞∑
i=0

H2,0:1,1:1,2
1,2:1,1:2,2




(
− 1+k

r ; 1, 2r
) (

0; 1, 2r
)

(
−1; 1, 2r

)

(−A, 1)
(0, 1)
(1, 1)(

1+i
2 , 1

)
(0, 1)

∣∣∣∣∣∣∣∣∣∣∣∣

1
ϕ ,

ψ1

(ϕ)
2
r



]

(24)

RDF=− 1
A log[1− ZZ1 +AZ

∫ ∞

0
(1 + γ)−A−1

∞∑
i=0

C2G
1,1
1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

]
dγ

+AZ1B1

∫∞

0
(1 + γ)

−A−1
β∑
h=1

∞∑
k=0

H1G
1,1
1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]
dγ

−A
∫∞

0 (1 + γ)
−A−1

β∑
h=1

∞∑
i=0

∞∑
k=0

H1C2B1G
1,1
1,2

[
ϕγ

∣∣∣∣
1

1+k
2 , 0

]
G1,1

1,2

[
ψ1γ

2
r

∣∣∣∣
1

1+i
2 , 0

]
dγ].

(25)

Fig. 2 is plotted for the outage probability calculated by

(10) versus the average SNR γ̄ = γ̄RF = γ̄FSO = 10 dB,
with ρRF = ρFSO = 0.5, Nr = 2, α = 2, and µ = 2. For
the FSO link, we have considered different values of a, β,
and ξ under IM/DD detection technology, representing the

severity level of atmospheric turbulence and pointing error

impairments, respectively. The number of iterations of the

Monte-Carlo simulation is 106. Due to the imperfect CSI, the
OP performance decreases to an error floor. Additionally, Fig.

2 illustrates the influence of different atmospheric turbulence

and pointing error impairments in the OP performance. As

a and β decrease, which means more severe atmospheric

turbulence, the error floor increases due to worse channel

conditions. Obviously, the pointing error parameter ξ also has
a significant influence on the OP performance. To this end,

we can find out from this figure that the pointing error has a

dominant influence on the OP performance compared to the

atmospheric turbulence.

In Fig. 3, under various relaying schemes, we investigate the

OP versus average SNR (γ̄) under heterodyne detection with

imperfect CSI. We set ρRF = ρFSO = 0.85, Nr = 2, a =
8, β = 4, and ξ = 6.7. Fig. 3 describes the impact of the non-
linearity of the environment (α) on the system performance.

As expected, the larger the value of α, the lower the OP of

the system. It is clear to observe that compared to the DF

scheme, the fixed-gain AF relay has better performance for the

same average SNR, which means a lower error floor. Notice

that this is because AF relay has better performance than DF

scheme at low SNR, and under the condition of imperfect CSI,

the OP will reach an error floor when SNR is large enough.

Under the fixed-gain AF relay, α has less influence on the

system. In addition, the Monte-Carlo simulations also reveal

the validity of our analysis. Moreover, we provided Monte-

Carlo simulations for variable-gain AF relaying to provide the

performance similarity comparison between variable gain AF

relay and DF relay.

The OP performance of the considered system under neg-

0 5 10 15 20 25 30 35 40 45 50

Average SNR (dB)

0.3

0.4

0.5

0.6

0.7

0.8

0.9

O
u
ta

g
e 

P
ro

b
ab

il
it

y

a=2.296, =2

a=4.2, =3

Monte Carlo Simulation

=1.1

=6.7

Fig. 2. Outage probability of dual-hop systems using AF relaying under
IM/DD detection with imperfect CSI (ρRF = ρFSO = 0.5, Nr = 2, α =

2, µ = 2).

ligible pointing error with imperfect CSI as a function of γ̄
is illustrated in Fig. 4. Assuming ρRF = ρFSO = 0.9, Nr =
2, α = 2, µ = 2, and ξ = 6.7, we investigate the effect of

different detection technologies and atmospheric turbulence

on the OP performance. For high values of γ̄, the asymptotic

OP expressions (15) and (16) are also introduced. As can be

seen from Fig. 4, the OP performance achieves an error floor

due to the imperfect CSI, which eventually results in a zero

diversity order at high SNRs. At moderate SNRs, the diversity

order agrees with (18). The closed-form expressions are shown

in (13), which coincide with the Monte-Carlo simulations. As

expected, the highest OP is observed when the channel suffers

light atmospheric turbulence and with heterodyne detection

(a = 8, β = 4, and r = 1). At the cost of a more complicated

FSO receiver, the performance improvement of heterodyne

detection techniques is acquired.

The impact of imperfect CSI at the OP performance of the
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Fig. 3. Outage probability of dual-hop systems using variable-gain AF,
fixed-gain AF, and DF relaying under heterodyne detection with imperfect
CSI (ρRF = ρFSO = 0.85, Nr = 2, a = 8, β = 4, ξ = 6.7).
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Fig. 4. Outage probability of dual-hop systems using DF relaying under
IM/DD (r = 2) and heterodyne (r = 1) techniques with imperfect CSI (ρRF =

ρFSO = 0.9, Nr = 2, α = 2, µ = 2, ξ = 6.7).

consider system assuminga = 8, β = 4, Nr = 2, α = 2, µ =
2, ξ = 6.7 is considered in Fig. 5. We investigate the various
values ofρ, which mean the level of different imperfect CSI,
to show clearly the impact of imperfect CSI on the system
performance with respect to the perfect CSI scenario. The
asymptotic results in (15) and (16) match the outage curves at
high SNR values and the Monte-Carlo simulations also reveal
the validity of our analysis.

Fig. 6 demonstrates the accurate formula for the BER in
(19) of the mixed RF/FSO system with imperfect CSI through
Monte-Carlo simulations. Under DF relaying, the DBPSK
modulation scheme is employed over light atmospheric tur-
bulence conditions (a = 8, β = 4) and negligible pointing
error (ξ = 6.7) to investigate the BER performance of the
system. Operating heterodyne detection, we studied the effect
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Fig. 5. Outage probability of dual-hop systems using DF relaying under
heterodyne (r = 1) techniques with imperfect CSI (a = 8, β = 4, Nr =

2, α = 2, µ = 2, ξ = 6.7).
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Fig. 6. Average bit error rate of dual-hop systems using DF relaying under
heterodyne detection with imperfect CSI (ρRF = ρFSO = 0.95, Nr =

4, a = 8, β = 4, ξ = 6.7).

of the non-linearity of the environment (α). We also observe
that due to imperfect CSI, the performance of BER converges
to an error floor. As it is evident, the BER reduces when the
value ofα increases and vice versa.

In Fig. 7, we investigate the effective capacity versus
average SNR (̄γ) under heterodyne detection with imperfect
CSI. Consistent with Fig. 5, we setρRF = ρFSO = 0.95, Nr =
4, a = 8, β = 4, and ξ = 6.7. For the SIMO RF links, as
expected, it is easy to observe the effect of the number of
multipath clusters (µ). As expected, the higher is the value
of µ, the larger is the effective capacity of the considered
system. Also, one can observe that the gap of the relevant
curves narrows, which means that the parameterµ has a
less significant effect on the effective capacity performance.
Finally, for SNR grater than̄γ = 30 dB, a performance upper
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Fig. 7. Effective capacity of dual-hop systems using DF relaying under
heterodyne detection with imperfect CSI (ρRF = ρFSO = 0.95, Nr =

4, a = 8, β = 4, ξ = 6.7).

bound takes place as expected from mathematical analysis in
(24) due to the imperfect CSI.

VI. CONCLUSION

In this paper, we present novel closed-form performance
results for the hybrid RF/FSO relaying system with imperfect
CSI overα−µ fading and Ḿalaga (M) channels, respectively.
For the FSO link, we consider the effects of atmospheric tur-
bulence with pointing errors. Utilizing IM/DD and heterodyne
techniques, we derive exact closed-form expressions of the
considered system, such as the outage probability, bit error
probability, and effective capacity. Furthermore, we investigate
the key effects of the link’s correlation parameters, the channel
estimation error, the number of antennas, the non-linearity
of the environment, and the average SNRs on the system
performance metrics. In addition, at high SNRs, we derive
highly tight asymptotic results for the performance metrics.

APPENDIX A
PROOF OF LEMMA 1

As is shown in [14, Eq. (18)-Eq. (25)], a singleα− µ RV
|hRF,s|2 with parameters(α, µ, r̂) can be used to approximate
the sum ofNr i.i.d. α − µ RVs |hRF,i|2 with parameters
(αi , µi , r̂i), and this approximation appears to reach precise
results. The PDF ofhRF,s is given by [30]

fhRF,s(x) ≈
αµµxαµ−1

r̂αµΓ(µ)
exp

(
−µx

α

r̂α

)
. (A.1)

In addition, the parametersα, µ, and r̂ can be obtained by
solving the following nonlinear equations.

Γ2 (µ+ 2/α)

Γ (µ) Γ (µ+ 4/α)− Γ2 (µ+ 2/α)
=

E2
(
h2

RF,s

)

E
(
h4

RF,s

)
− E2

(
h2

RF,s

) ,

Γ2 (µ+ 4/α)

Γ (µ) Γ (µ+ 8/α)− Γ2 (µ+ 4/α)
=

E2
(
h4

RF,s

)

E
(
h8

RF,s

)
− E2

(
h4

RF,s

) ,

r̂ =



µ2/αΓ (µ)E

(
h2

RF,s

)

Γ(µ+ 2/α)




1
2

. (A.2)

Using the multinomial identity, the moments in (A.2) can
be attained as [30, Eq. (25)]:

E
(
h2n

RF,s

)
=

n∑
n1=0

n1∑
n2=0

...
nNr−2∑
nNr−1=0

(
n
n1

)(
n1

n2

)
...

(
nNr−2

n
Nr−1

)

E
(
h2(n−n1)

RF,1

)
E
(
h2(n1−n2)

RF,2

)
...E

(
h2(nNr−1)

RF,Nr

)
.

(A.3)
Due to the difficulty to obtain the analytical solution to the
system of equations (A.2), we use thefsolve function of
Matlab. SettingX = ρRFhRF,s, Y = Nr

√
1− ρ2RFε, and

Z = ĥRF,s, the PDFs of X and Y can be expressed as

fX(z) =
αµµzαµ−1

r̂αµραµRFΓ(µ)
exp

(
− µzα

(r̂ρRF)
α

)
, (A.4)

fY (y) =
1

Nr
√
2π(1− ρ2RF)

e
−

y2

2N2
r (1−ρ2RF) . (A.5)

Based on the convolution theorem, the PDF ofZ = X + Y
can be deduced as

fZ(z) =
∫∞

0
fX(x)fY (z − x)dx

= αµµ

Nr

√
2π(1−ρ2RF)r̂

αµραµ
RF Γ(µ)

κ(z), (A.6)

where

κ(z) =

∫ ∞

0

xαµ−1 exp

[
− µxα

(r̂ρRF)
α

]
exp

[
− (z − x)2

2N2
r (1− ρ2RF)

]
dx.

With the help of (11) and (21) in [41], then using [34, Eq.

(9.31.5)] andex =
∞∑
k=0

xk

k! , we can get

κ(z) =
∞∑
k=0

zk2
k+αµ

2
−1(1−ρ2RF)

αµ−k
2

(Nr)
αµ−k+1

2

k! exp
[
− z2

2N2
r (1−ρ

2
RF)

]

×H1,1
1,1

[
µ(2(N2

r
(1−ρ2RF)

2
))

α
2

(r̂ρRF)
α
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(1 − αµ+k

2 , α2 )
(0, 1)

]
.

It is worth noting that, in practical models, the RF link’s
channel gain is positive. Hence,fĥRF,s

(x) can be rewritten as

fĥRF,s
(z) =

{
αµµ

Nr

√
2π(1−ρ2RF)r̂

αµραµ
RF Γ(µ)

κ(z), z > 0

1− Z1, z = 0
(A.7)

Based on
∫∞

0
hRF,s(z)dz = 1 and [34, Eq. (3.326.2) ],Z1 can

be obtained as

Z1=

∞∑

k=0

α2
k−3
2 H1,1

1,1





µ(2(1−ρ2RF)N
2
r )

α
2

(ρRFr̂)
α
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0
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(A.8)
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Using [34, Eq. (3.326.2) ], (A.8) can be rewritten as

Z1=

∞∑

k=0

α2k−2Γ(1+k2 )H1,1
1,1

[
µ(2(1−ρ2RF)N

2
t )

α
2

(ρRFr̂)
α
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(1− k

2 ,
α
2 )

(µ, 1)

]

k!
√
πΓ(µ)

.

Utilizing [44, (07.34.21.0084.01)], the CDF of̂hRF,s can be
expressed as

FĥRF,s
(z)=






∞∑
k=0

αµµ2
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√
πΓ(µ)
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1,1

[
µ(2(1−ρ2RF)N

2
t )

α
2

(ρRFr̂)
α
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(1 − αµ+k

2 , α2 )
(0, 1)

]
,

z > 0

1− Z1, z = 0

APPENDIX B
PROOF OFPROPOSITION1

The CDF of the end-to-end SNRγAF can be written as

FγAF (γ)=1−
∫ ∞

γ

fγ̂FSO (t) dt+

∫ ∞

0

fγ̂FSO(γ1 + γ)Fγ̂RF(
CRγ

γ1
)dγ1.

(B.1)
Substituting (7) and (6) in (B.1), with the help of [34, Eq.
(3.194/3), Eq. (8.384/1)] and [34, Eq. (3.381/9.*)], then based
on the primary definition of the Meijer’s G-function in [34,
Eq. (9.301)], we deduced

FγAF (γ) = 1−
∫∞

γ
B1

β∑
h=1

∞∑
i=0

bhϕ1t
i+1
r

−1e−ψ1t
2
r dt

+
(

1
2πi

)2 ∫
L1

∫
L2

Γ(s− 1+i
r

+
2s1
r )Γ(1−s)Γ( 1+k

2 −s)Γ(s)
Γ(1+s)

× Γ(s1)

Γ(1− 1+i
r

+
2s1
r )

(ϕCR)
s
(

1
ψ1γ

) 2s1
r

dsds1

where the contourL1 andL2 run from −i∞ to +i∞ with
loops, in thes-plane and thet-plane, respectively. By em-
ploying [37, Eq. (1.1)], the CDF in (10) is deduced. Hence,
the proof is completed.
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